PRECALCULUS: PART 2

STRUCTURES®

JuLy 31, 2017

“This is an adpated version of an online book written by Dr Carl Stitz of Lakeland Community College
and Dr Jeff Zeager of Lakeland Community College ( )
under the Creative Common License.


http://www.stitz-zeager.com/latex-source-code.html




TABLE OF CONTENTS

1 Hooked on Conics 1
1.1 Introductionto Conics . . . . . . . . . ... 1
1.2 Circles . . . . . e e 4

1.2.1  EXErCiSeS . . . . v i i e e e e e e e e e e 8
1.22  ANSWEIS . . . . . i it e e e e e e e e e e e e 9
1.3 Parabolas . . . . . . . .. e e 11
1.3.1  EXerciSes . . . . . . v i i i e e e e e e e 18
1.3.2  ANSWEIS . . . . . o i e e e e e e e e e e e 19
14  Ellipses . . . . . . . e 22
141  EXErciSes . . . . v i v i i i e e e e e e e e e e e e e e 31
142  ANSWEIS . . . . . v e e e e e e e e e e e e e e e 33
15 Hyperbolas. . . . . ... .. 37
1.5.1  EXErcises . . . . . . v i i i e e e e e e e e e e 47
152 ANSWEIS . . . . o v it e e e e e e e e e e 50
2 Systems of Equations and Matrices 55
2.1 Systems of Linear Equations: Gaussian Elimination . . .. ... ... ... ... .. 55
2. 1.1 Exercises . . . . ... e e e e 67
212 ANSWEIS . . . . v e e e e e e e e e e e e e e e e 69
2.2 Systems of Linear Equations: Augmented Matrices. . . . . . ... ... ... .... 72
221 Exercises . . . . ... e e e e e e 79
222 ANSWEIS . . . . . o e e e e e e e e e 81
2.3 Matrix Arithmetic . . . . . . . . . e 83
2.3.1  EXercises . . . . . .. e e e e e 96
232  ANSWEIS . . . . . e e e e e e e 100
2.4 Systems of Linear Equations: MatrixInverses . . . . . .. .. ... .. ........ 103
241  EXErcises . . . . . . . e e e e e e 114
242  ANSWEIS . . . . . i e e e e e e e 117
2.5 Determinants and Cramer’sRule . . . . . . . ... .. ... ... ... ... ..... 119
2.5.1 Definition and Properties of the Determinant . . . .. ... ... ...... 119
2,52 Cramer’s Rule and Matrix Adjoints . . . ... ................. 123
253 Exercises . . . . ... e e e e 128
254  ANSWErS . . . . . .. e e e e e 132
2.6 Partial Fraction Decomposition . . ... ... ... ... .. ... ... .. .. ..., 133



1AY TABLE OF CONTENTS

2.6.1  EXercises . . . . . .. e e e e e 140

262  ANSWEIS . . . . o i e e e e e e 141

2.7  Systems of Non-Linear Equations and Inequalities . . . . .. ... ... ... .... 142
271  EXercises . . . . . .. e e 151

272 ANSWEIS . . . . . o e e e e e 153

3 Sequences and the Binomial Theorem 157
31  Sequences . . .. .. ... 157
311 EXercises . . . . . .. e e e e 164

312 ANSWEIS . . . . o e e e e e e 166

3.2 Summation Notation . . . . . . . . . . . . .. 167
321  EXErcises . . . . . .. e e e e e 176

322  ANSWEIS . . . . o i e e e e e 178

3.3 Mathematical Induction . . . . . . . . . . . e e 179
3.3.1  EXercises . . . . ... e e 184

3.3.2  Selected ANSWers . . . . ... e e e 185

3.4 The Binomial Theorem . . . . . . . . . . . . . . . . e 187
341  EXercises . . . . . . . e e 196

342  ANSWEIS . . . . v i e e e e e e e 197

Index 198



CHAPTER 1

HOOKED ON CONICS

1.1 INTRODUCTION TO CONICS

In this chapter, we study the Conic Sections - literally ‘sections of a cone’. Imagine a double-
napped cone as seen below being ‘sliced” by a plane.

If we slice the cone with a horizontal plane the resulting curve is a circle.

) 4
o
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Tilting the plane ever so slightly produces an ellipse.

N \

If the plane cuts parallel to the cone, we get a parabola.

If we slice the cone with a vertical plane, we get a hyperbola.

For a wonderful animation describing the conics as intersections of planes and cones, see Dr. Louis
Talman’s Mathematics Animated Website.



http://clem.mscd.edu/~talmanl/HTML/ConicSections.html
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If the slicing plane contains the vertex of the cone, we get the so-called ‘degenerate’ conics: a point,
a line, or two intersecting lines.

X
) 4
)4

We will focus the discussion on the non-degenerate cases: circles, parabolas, ellipses, and hyper-
bolas, in that order. To determine equations which describe these curves, we will make use of their
definitions in terms of distances.
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1.2 CIRCLES

Recall from Geometry that a circle can be determined by fixing a point (called the center) and a
positive number (called the radius) as follows.

Definition 1.1. A circle with center (h, k) and radius r > 0 is the set of all points (z,y) in the
plane whose distance to (h, k) is r.

From the picture, we see that a point (z,y) is on the circle if and only if its distance to (h, k) is r.
We express this relationship algebraically using the Distance Formula as

r=\(@—h?+(y—k)?

By squaring both sides of this equation, we get an equivalent equation (since » > 0) which gives
us the standard equation of a circle.

Equation 1.1. The Standard Equation of a Circle: The equation of a circle with center (A, k)
and radius r > 0is (z — h)? + (y — k)? = r2.

Example 1.2.1. Write the standard equation of the circle with center (-2, 3) and radius 5.
Solution. Here, (h, k) = (—2,3) and r = 5, so we get

(z—(=2))?+(y—3)? = (5

(x+22+(@y—-3)?> = 25
O
Example 1.2.2. Graph (z + 2)? + (y — 1)2 = 4. Find the center and radius.
Solution. From the standard form of a circle, Equation 1.1, we have that z + 2isz — h,so h = -2

and y — 1isy — k so k = 1. This tells us that our center is (-2, 1). Furthermore, > = 4, so r = 2.
Thus we have a circle centered at (—2, 1) with a radius of 2. Graphing gives us
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O]

If we were to expand the equation in the previous example and gather up like terms, instead of
the easily recognizable (z +2)2 + (y — 1)2 = 4, we’d be contending with 22 + 4z + y? — 2y + 1 = 0.
If we're given such an equation, we can complete the square in each of the variables to see if it fits
the form given in Equation 1.1 by following the steps given below.

To Write the Equation of a Circle in Standard Form

1. Group the same variables together on one side of the equation and position the constant
on the other side.

2. Complete the square on both variables as needed.

3. Divide both sides by the coefficient of the squares. (For circles, they will be the same.)

Example 1.2.3. Complete the square to find the center and radius of 322 — 6z + 3y* + 4y — 4 = 0.
Solution.

322 —6x+3y°+4y—4 = 0

322 —6x +3y> +4y = 4 add 4 to both sides
4
3(2? —2x) +3 <y2 + 3y> = 4 factor out leading coefficients
) , 4 4 4 ,
3(a2—22+1)+3(y Tyt = 4+3(1)+3( ¢ complete the square in z, y
22 25
3(z—1)2+3(y+= = — factor
3 3
2\° 25
(x —1)%+ (y + 3) = 3 divide both sides by 3
From Equation 1.1, we identify z — 1asx — h,soh = 1, and y + % asy —k,sok = —%. Hence, the
center is (h, k) = (1, —%) Furthermore, we see that r2 = % so the radius is r = g O

It is possible to obtain equations like (x — 3)? + (y +1)?> = 0 or (x — 3)? + (y + 1)? = —1, neither of
which describes a circle. (Do you see why not?) The reader is encouraged to think about what, if
any, points lie on the graphs of these two equations. The next example uses the Midpoint Formula
in conjunction with the ideas presented so far in this section.



6 HOOKED ON CONICS

Example 1.2.4. Write the standard equation of the circle which has (—1,3) and (2, 4) as the end-
points of a diameter.

Solution. We recall that a diameter of a circle is a line segment containing the center and two
points on the circle. Plotting the given data yields

Y
17 oS
// \\
;o 4t T
C
« 31 (hk)y ]
N /
N /
~ 7/
2\_\ - b
14
-2 1 1 2 3 €z

Since the given points are endpoints of a diameter, we know their midpoint (h, k) is the center of
the circle. The Midpoint Formula gives us

(th) _ <$1+$2’yl+92>
2 2

142 344
2 72

- (5

The diameter of the circle is the distance between the given points, so we know that half of the
distance is the radius. Thus,

=3 (z2 — 21) +(y2—y1)2

1

= Ve +E-3P
1

- _ 2 12
5 3%+

VIO

2

2
1 1 1 2 2 1
Finally, since <\/2>0> = ZO' our answer becomes (a: — 2) + (y — ;) = ZO n

We close this section with the most important circle in all of mathematics: the Unit Circle.

Definition 1.2. The Unit Circle is the circle centered at (0,0) with a radius of 1. The standard
equation of the Unit Circle is 2 + y? = 1.
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. 3
Example 1.2.5. Find the points on the unit circle with y-coordinate \Zf

3
Solution. We replace y with \2[ in the equation 2% + y? = 1 to get

2
3
x2—|—<\f> =1
2
3
—+z2 =1
4
2 = 1
4
v 4
T = *-

Our final answers are (;, ?) and <—;, \/§)



8 HOOKED ON CONICS

1.2.1 EXERCISES

In Exercises 1 - 6, find the standard equation of the circle and then graph it.

1. Center (—1,—5), radius 10 2. Center (4, —2), radius 3
3. Center (—3, {5), radius § 4. Center (5, —9), radius In(8)
5. Center (—e, v2), radius 6. Center (7, e?), radius v/91

In Exercises 7 - 12, complete the square in order to put the equation into standard form. Identify
the center and the radius or explain why the equation does not represent a circle.

7. 22 —4x +y> + 10y = —25 8. —2x2 —36x —2y? — 112 =0
9. 22 +y*+ 8z — 10y —1=0 10. 2% +3y* + 50—y —1=0
11. 422 + 4y% — 24y + 36 = 0 12. 22 +a+y? - Sy =1

In Exercises 13 - 16, find the standard equation of the circle which satisfies the given criteria.
13. center (3, 5), passes through (-1, —2) 14. center (3, 6), passes through (—1,4)

15. endpoints of a diameter: (3,6) and (—1,4)  16. endpoints of a diameter: (1,4), (3, 1)

17. The Giant Wheel at Cedar Point is a circle with diameter 128 feet which sits on an 8 foot tall
platform making its overall height is 136 feet.! Find an equation for the wheel assuming that
its center lies on the y-axis and that the ground is the z-axis.

18. Verify that the following points lie on the Unit Circle: (£+1,0), (0, £1), (i@, i@) , (i%, i§
and (i@, j:%)
19. Discuss with your classmates how to obtain the standard equation of a circle, Equation 1.1,

from the equation of the Unit Circle, 2% + y? = 1. (Thus every circle is just a few transforma-
tions away from the Unit Circle.)

20. Find an equation for the function represented graphically by the top half of the Unit Circle.
Explain how the transformations can be used to produce a function whose graph is either
the top or bottom of an arbitrary circle.

21. Find a one-to-one function whose graph is half of a circle. (Hint: Think piecewise.)

1Source:


http://www.cedarpoint.com/public/park/rides/tranquil/giant_wheel.cfm

1.2 CIRCLES

1.2.2 ANSWERS

1. (z+1)2+ (y+5)? =100 2. (z -4+ (y+2)?*=9
Y
7 )
14+
X
—24
—54
4. (z—5)*+ (y +9)* = (In(8))?
Y x
57:ln(8) :5 5+:ln(8)
Yy
%._
7 -9+ 1In(8)4
) ) L —-94
P % ) .
—9 — In(8)+
5. (m—|—e)2—|—(y—\/§)2:ﬂ'2 6. ($—7T)2+(y—62)2:91§

Ll V2+

L} v2

+ + +
—e — T —e —e+ 7

I V2-nx




10

11.

13.

15.

17.

e? + Vo1t

T

x— Y91 4 4+ V91

(x—-2)*+(y+5)* =4
Center (2, —5), radius r = 2

(2 +4)% + (y — 5) = 42
Center (—4,5), radius r = /42

2+ (y—3)2=0
This is not a circle.

(x—3)2+ (y—5)2 =65
(r—=1)*+(y—5)>=5

2?2 + (y — 72)% = 4096

10.

12.

14.

16.

HOOKED ON CONICS

(r+9)2%+4y%>=25
Center (—9,0), radius r = 5

4

161

10
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1.3 PARABOLAS

We have already learned that the graph of a quadratic function f(z) = ax?+bx +c (a # 0) is called
a parabola. To our surprise and delight, we may also define parabolas in terms of distance.

Definition 1.3. Let F' be a point in the plane and D be a line not containing F'. A parabola is
the set of all points equidistant from F' and D. The point F is called the focus of the parabola
and the line D is called the directrix of the parabola.

Schematically, we have the following.

D

Each dashed line from the point F' to a point on the curve has the same length as the dashed line
from the point on the curve to the line D. The point suggestively labeled V is, as you should
expect, the vertex. The vertex is the point on the parabola closest to the focus.

We want to use only the distance definition of parabola to derive the equation of a parabola and,
if all is right with the universe,. Let p denote the directed! distance from the vertex to the focus,
which by definition is the same as the distance from the vertex to the directrix. For simplicity,
assume that the vertex is (0,0) and that the parabola opens upwards. Hence, the focus is (0, p)
and the directrix is the line y = —p. Our picture becomes

From the definition of parabola, we know the distance from (0, p) to (z,y) is the same as the
distance from (x, —p) to (z,y). Using the Distance Formula, we get

We'll talk more about what ‘directed’ means later.
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VE—02+-p? = V-2 + - (-p)?

?+y-p? = Vy+p)?
2?4+ (y—-p? = (y+p)? square both sides
?+y?—2py+p* = y*+2py+p? expand quantities
22 = dpy gather like terms

Solving for y yields y = %, which is a quadratic function of the form with a = ﬁ and vertex (0, 0).

We know from previous experience that if the coefficient of z? is negative, the parabola opens
downwards. In the equation y = % this happens when p < 0. In our formulation, we say that p is
a ‘directed distance’ from the vertex to the focus: if p > 0, the focus is above the vertex; if p < 0,
the focus is below the vertex. The focal length of a parabola is |p|.

If we choose to place the vertex at an arbitrary point (h, k), we arrive at the following formula
using either transformations or re-deriving the formula from Definition 1.3.

Equation 1.2. The Standard Equation of a Vertical® Parabola: The equation of a (vertical)
parabola with vertex (h, k) and focal length |p| is

(z — h)* =4p(y — k)

If p > 0, the parabola opens upwards; if p < 0, it opens downwards.

"That is, a parabola which opens either upwards or downwards.

Notice that in the standard equation of the parabola above, only one of the variables, z, is squared.
This is a quick way to distinguish an equation of a parabola from that of a circle because in the
equation of a circle, both variables are squared.

Example 1.3.1. Graph (z + 1)? = —8(y — 3). Find the vertex, focus, and directrix.

Solution. We recognize this as the form given in Equation 1.2. Here, z — hisx +1soh = —1, and
y — kisy — 3 so k = 3. Hence, the vertex is (—1,3). We also see that 4p = —8 so p = —2. Since
p < 0, the focus will be below the vertex and the parabola will open downwards.

Y

e B R NG

The distance from the vertex to the focus is |p| = 2, which means the focus is 2 units below the
vertex. From (-1, 3), we move down 2 units and find the focus at (—1, 1). The directrix, then, is 2
units above the vertex, so it is the line y = 5. O
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Of all of the information requested in the previous example, only the vertex is part of the graph
of the parabola. So in order to get a sense of the actual shape of the graph, we need some more
information. While we could plot a few points randomly, a more useful measure of how wide a
parabola opens is the length of the parabola’s latus rectum.? The latus rectum of a parabola is the
line segment parallel to the directrix which contains the focus. The endpoints of the latus rectum
are, then, two points on ‘opposite’ sides of the parabola. Graphically, we have the following.

the latus rectum
______ _*_ —_—— — —— —

F

D

It turns out® that the length of the latus rectum, called the focal diameter of the parabola is |4p|,
which, in light of Equation 1.2, is easy to find. In our last example, for instance, when graphing
(r + 1) = —8(y — 3), we can use the fact that the focal diameter is | — 8| = 8, which means the
parabola is 8 units wide at the focus, to help generate a more accurate graph by plotting points 4
units to the left and right of the focus.

Example 1.3.2. Find the standard form of the parabola with focus (2, 1) and directrix y = —4.
Solution. Sketching the data yields,

Y

The vertex lies on this vertical line

*
|
: Pl
-1 1 ) 3
|
|
(4
| midway between the focus and the directrix
|
|
|
|

From the diagram, we see the parabola opens upwards. (Take a moment to think about it if you
don’t see that immediately.) Hence, the vertex lies below the focus and has an z-coordinate of 2.
To find the y-coordinate, we note that the distance from the focus to the directrix is 1 — (—4) = 5,
which means the vertex lies 3 units (halfway) below the focus. Starting at (2, 1) and moving down
5/2 units leaves us at (2, —3/2), which is our vertex. Since the parabola opens upwards, we know
p is positive. Thus p = 5/2. Plugging all of this data into Equation 1.2 give us

’No, I'm not making this up.
3Consider this an exercise to show what follows.
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e (3 (D)

If we interchange the roles of  and y, we can produce ‘horizontal” parabolas: parabolas which
open to the left or to the right. The directrices* of such animals would be vertical lines and the
focus would either lie to the left or to the right of the vertex, as seen below.

D

Equation 1.3. The Standard Equation of a Horizontal Parabola: The equation of a (horizontal)
parabola with vertex (h, k) and focal length |p| is

(y — k)* = 4p(z — h)
If p > 0, the parabola opens to the right; if p < 0, it opens to the left.

Example 1.3.3. Graph (y — 2)? = 12(x + 1). Find the vertex, focus, and directrix.

Solution. We recognize this as the form given in Equation 1.3. Here, z — hisx +1soh = —1, and
y — kisy — 2 so k = 2. Hence, the vertex is (—1,2). We also see that 4p = 12 so p = 3. Since p > 0,
the focus will be the right of the vertex and the parabola will open to the right. The distance from
the vertex to the focus is |p| = 3, which means the focus is 3 units to the right. If we start at (-1, 2)
and move right 3 units, we arrive at the focus (2, 2). The directrix, then, is 3 units to the left of the
vertex and if we move left 3 units from (—1, 2), we’d be on the vertical line x = —4. Since the focal
diameter is |[4p| = 12, the parabola is 12 units wide at the focus, and thus there are points 6 units
above and below the focus on the parabola.

*plural of ‘directrix’
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O

As with circles, not all parabolas will come to us in the forms in Equations 1.2 or 1.3. If we en-
counter an equation with two variables in which exactly one variable is squared, we can attempt
to put the equation into a standard form using the following steps.

To Write the Equation of a Parabola in Standard Form

1. Group the variable which is squared on one side of the equation and position the non-
squared variable and the constant on the other side.

2. Complete the square if necessary and divide by the coefficient of the perfect square.

3. Factor out the coefficient of the non-squared variable from it and the constant.

Example 1.3.4. Consider the equation y? + 4y + 8z = 4. Put this equation into standard form and
graph the parabola. Find the vertex, focus, and directrix.

Solution. We need a perfect square (in this case, using y) on the left-hand side of the equation and
factor out the coefficient of the non-squared variable (in this case, the z) on the other.

Y +4y+8z = 4
v +4y = —8r+4
vy +4y+4 = —8r+4+4 complete the square in y only
(y+2)? = —8z+8 factor
(y+2? = —8(z-1)

Now that the equation is in the form given in Equation 1.3, we see thatz —hisxz —1soh = 1, and
y—kisy+2sok = —2. Hence, the vertex is (1, —2). We also see that 4p = —8 so that p = —2. Since
p < 0, the focus will be the left of the vertex and the parabola will open to the left. The distance
from the vertex to the focus is |p| = 2, which means the focus is 2 units to the left of 1, so if we start
at (1, —2) and move left 2 units, we arrive at the focus (—1, —2). The directrix, then, is 2 units to
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the right of the vertex, so if we move right 2 units from (1, —2), we’d be on the vertical line z = 3.
Since the focal diameter is |4p| is 8, the parabola is 8 units wide at the focus, so there are points 4
units above and below the focus on the parabola.

|
o

|
]
—
N

O]

In studying quadratic functions, we have seen parabolas used to model physical phenomena such
as the trajectories of projectiles. Other applications of the parabola concern its ‘reflective property’
which necessitates knowing about the focus of a parabola. For example, many satellite dishes are
formed in the shape of a paraboloid of revolution as depicted below.

Every cross section through the vertex of the paraboloid is a parabola with the same focus. To see
why this is important, imagine the dashed lines below as electromagnetic waves heading towards
a parabolic dish. It turns out that the waves reflect off the parabola and concentrate at the focus
which then becomes the optimal place for the receiver. If, on the other hand, we imagine the
dashed lines as emanating from the focus, we see that the waves are reflected off the parabola in
a coherent fashion as in the case in a flashlight. Here, the bulb is placed at the focus and the light
rays are reflected off a parabolic mirror to give directional light.
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Example 1.3.5. A satellite dish is to be constructed in the shape of a paraboloid of revolution. If
the receiver placed at the focus is located 2 ft above the vertex of the dish, and the dish is to be 12

feet wide, how deep will the dish be?

Solution. One way to approach this problem is to determine the equation of the parabola sug-
gested to us by this data. For simplicity, we’ll assume the vertex is (0,0) and the parabola opens
upwards. Our standard form for such a parabola is 72 = 4py. Since the focus is 2 units above the

vertex, we know p = 2, so we have z? = 8. Visually,

/I\ y
|
12 units wide

(6,y)

—6

6

Since the parabola is 12 feet wide, we know the edge is 6 feet from the vertex. To find the depth,
we are looking for the y value when = = 6. Substituting + = 6 into the equation of the parabola

yields 6% = 8y or y = 23 = J = 4.5. Hence, the dish will be 4.5 feet deep.

O
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1.3.1 EXERCISES

In Exercises 1 - 8, sketch the graph of the given parabola. Find the vertex, focus and directrix.
Include the endpoints of the latus rectum in your sketch.

1.

3.

5.

7.

(z —3)% = —16y 2 (z+1)=2(y+3)
(y—2)* = —12(z +3) 4. (y+4)2 =4z

(x —1)2 =4(y +3) 6. (x+2)?> =—20(y — 5)
(y —4)? =18(x - 2) 8 (y+3)"=—7(z+2)

In Exercises 9 - 14, put the equation into standard form and identify the vertex, focus and directrix.

9.

11.

13.

y? — 10y — 272 + 133 =0 10. 2522 4+ 20z 4+ 5y — 1 =0
2?2 +2x —8y+49=0 12. 242 +4y +2—-8=10

211
22— 102+ 12y +1=0 14. 3y? — 2Ty +4z+ 21 =0

In Exercises 15 - 18, find an equation for the parabola which fits the given criteria.

15

17.

19.

20.

21.

22.

23.

Vertex (7,0), focus (0, 0) 16. Focus (10, 1), directrix z = 5

Vertex (—8,-9); (0,0) and (—16,0) are  18. The endpoints of latus rectum are
points on the curve (—2,-7)and (4,—7)

The mirror in Carl’s flashlight is a paraboloid of revolution. If the mirror is 5 centimeters in
diameter and 2.5 centimeters deep, where should the light bulb be placed so it is at the focus
of the mirror?

A parabolic Wi-Fi antenna is constructed by taking a flat sheet of metal and bending it into
a parabolic shape.® If the cross section of the antenna is a parabola which is 45 centimeters
wide and 25 centimeters deep, where should the receiver be placed to maximize reception?

A parabolic arch is constructed which is 6 feet wide at the base and 9 feet tall in the middle.
Find the height of the arch exactly 1 foot in from the base of the arch.

A popular novelty item is the ‘mirage bowl.” Follow this to see another startling appli-
cation of the reflective property of the parabola.

With the help of your classmates, research spinning liquid mirrors. To get you started, check
out this

>This shape is called a ‘parabolic cylinder.’


http://spie.org/etop/2007/etop07methodsV.pdf
http://www.astro.ubc.ca/LMT/lzt/

1.3 PARABOLAS

1.3.2 ANSWERS

1. (z—3)? =16y
Vertex (3,0)
Focus (3, —4)
Directrix y = 4
Endpoints of latus rectum (-5, —4), (11, —4)

2. (:r+%)2:2(y+%)
Vertex (—%,—2)
Focus (—%,—

Directrix y = —3
0

Endpoints of latus rectum (-3, —2), (-3, —2)

3. (y—2)2=—-12(z +3)
Vertex (—3,2)
Focus (-6, 2)
Directrix x =0
Endpoints of latus rectum (—6, 8), (—6, —4)
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(y+4)? =4x

Vertex (0, —4)

Focus (1, —4)

Directrix ¢ = —1

Endpoints of latus rectum (1, —2), (1, —6)

(=12 =4(y+3)

Vertex (1, —3)

Focus (1, —2)

Directrix y = —4

Endpoints of latus rectum (3, —2), (-1, —2)

. (z+2)2=-20(y - 5)

Vertex (—2,5)

Focus (—2,0)

Directrix y = 10

Endpoints of latus rectum (—12,0), (8,0)

(y—4)2=18(z - 2)

Vertex (2,4)
Focus (42,4)
Directrix z = —2

2
Endpoints of latus rectum (42, —5), (32,13)
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1.3 PARABOLAS

8. (y+ 3) =
Vertex (—3,
Focus ( 45,—3)

1

9. (y—5)2 =27(x —4)
Vertex (4,5)
Focus (42, 5)
11

Directrix x = -

11. (z+1)2 =8(y —6)
Vertex (—1,6)
Focus (—1,8)
Directrix y = 4

13. (z—5)%2 = —12(y — 2)
Vertex (5, 2)
Focus (5, —1)
Directrix y = 5

15. y? = —28(x — 7)

17. (z+8)%=%(y+9)

21
y
21
14
A W .y @
—14
—24
—34
—44
—54
10. (@4 2)"=—-%t@y—1)
Vertex (—2,1)
Focus (—2, 43)
5020
Directrix y = 3—1
12.

14.

16.

18.

(y+1)2 = —%(z —10)
-1

Vertex (10, —1)
Focus (2,-1)

Directrix x = %

302

Wl

19. The bulb should be placed 0.625 centimeters above the vertex of the mirror. (As verified by

Carl himself!)

20. The receiver should be placed 5.0625 centimeters from the vertex of the cross section of the

antenna.

21. The arch can be modeled by z? =

—(y —9) or y = 9 — 22. One foot in from the base of the

arch corresponds to either z = +2, so the heightis y = 9 — (+2)? = 5 feet.
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1.4 ELLIPSES

In the definition of a circle, Definition 1.1, we fixed a point called the center and considered all
of the points which were a fixed distance r from that one point. For our next conic section, the
ellipse, we fix two distinct points and a distance d to use in our definition.

Definition 1.4. Given two distinct points F;, and F, in the plane and a fixed distance d, an
ellipse is the set of all points (x, y) in the plane such that the sum of each of the distances from
F\ and F, to (z,y) is d. The points F; and F, are called the foci® of the ellipse.

“the plural of ‘focus’

d, + d, = d for all (z,y) on the ellipse

We may imagine taking a length of string and anchoring it to two points on a piece of paper. The
curve traced out by taking a pencil and moving it so the string is always taut is an ellipse.

The center of the ellipse is the midpoint of the line segment connecting the two foci. The major
axis of the ellipse is the line segment connecting two opposite ends of the ellipse which also con-
tains the center and foci. The minor axis of the ellipse is the line segment connecting two opposite
ends of the ellipse which contains the center but is perpendicular to the major axis. The vertices
of an ellipse are the points of the ellipse which lie on the major axis. Notice that the center is also
the midpoint of the major axis, hence it is the midpoint of the vertices. In pictures we have,
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Minor Axis

Major Axis

An ellipse with center C; foci F}, F.; and vertices V;, V,

Note that the major axis is the longer of the two axes through the center, and likewise, the minor
axis is the shorter of the two. In order to derive the standard equation of an ellipse, we assume
that the ellipse has its center at (0, 0), its major axis along the x-axis, and has foci (¢, 0) and (—c, 0)
and vertices (—a,0) and (a, 0). We will label the y-intercepts of the ellipse as (0, ) and (0, —b) (We
assume a, b, and c are all positive numbers.) Schematically,

(0,0)

(07 _b)

Note that since (a, 0) is on the ellipse, it must satisfy the conditions of Definition 1.4. That is, the
distance from (—c, 0) to (a, 0) plus the distance from (c, 0) to (a,0) must equal the fixed distance d.
Since all of these points lie on the z-axis, we get

distance from (—c, 0) to (a,0) + distance from (¢, 0) to (a,0) = d
(a+c)+(a—c) =
20 = d

S8
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In other words, the fixed distance d mentioned in the definition of the ellipse is none other than
the length of the major axis. We now use that fact (0, b) is on the ellipse, along with the fact that
d = 2a to get

distance from (—c, 0) to (0, b) + distance from (c,0) to (0,b) = 2a
VO—=(=0))2+®-02+/(0-c)?+(b—-0)2 = 2a
VR + 2+ V0P + 2 = 2a
2Vb2 4+ 2 = 2a
VTFE = a

From this, we get a? = b% + ¢, or b? = a? — ¢?, which will prove useful later. Now consider a point
(x,y) on the ellipse. Applying Definition 1.4, we get

distance from (—c,0) to (z,y) + distance from (c,0) to (z,y) = 2a
Ve—=(=0)2+@y—-02+/(z—c)?+(y—02 = 2a
Ve+o?+y2+V(@—c?+y> = 2a

In order to make sense of this situation, we need to make good use of Intermediate Algebra.

V@+e)2+y2+/(z—c)?+y? 2a
(Z+e)+y* = 20— /(z—c)*+y°
2 2
( (a:+c)2+y2) = (2&— (x—c)2+y2>
(x4+c)+1y? = 4a® —4day/(x—c)2+y2+ (xz—c)2 +9?
dar/(x —e)2+y?2 = 4a®+ (x—c)? — (v +¢)?
dar/(z —c)2+y2 = 4a® —4dex
a/(x—c)2+y? = a®—cx
2
(a (a:—c)2+y2) = (a2—cx)2

a? ((:L‘ —c)? + yQ) =
a’x? — 2d%cx + a?c® + a?y? =
aa? — a2+ ay? =

(a2 _ 62) 22 + ay?

a* — 2a%cx + 2a?
a* — 2a%cx + Aa?
a* — a?c?

a2 (a2 — 02)

We are nearly finished. Recall that b? = a? — ¢? so that

(a2 . CQ) 22 +a2? = a? (a2 . 02)
Va2 +a2y? = a?b?
2 2
xr
2t =1

This equation is for an ellipse centered at the origin. To get the formula for the ellipse centered at
(h, k), we could re-derive the equation using Definition 1.4 and the distance formula to obtain the

formula below.
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Equation 1.4. The Standard Equation of an Ellipse: For positive unequal numbers a and b, the
equation of an ellipse with center (A, k) is

(z—h)*  (y—k)?
a? * 2 !

Some remarks about Equation 1.4 are in order. First note that the values a and b determine how
far in the = and y directions, respectively, one counts from the center to arrive at points on the
ellipse. Also take note that if a > b, then we have an ellipse whose major axis is horizontal, and
hence, the foci lie to the left and right of the center. In this case, as we’ve seen in the deriva-
tion, the distance from the center to the focus, ¢, can be found by ¢ = Va? — b2 If b > q, the
roles of the major and minor axes are reversed, and the foci lie above and below the center.
In this case, ¢ = Vvb%2 —a?. In either case, c is the distance from the center to each focus, and
c= \/ bigger denominator — smaller denominator. Finally, it is worth mentioning that if we take
the standard equation of a circle, Equation 1.1, and divide both sides by 2, we get

Equation 1.5. The Alternate Standard Equation of a Circle: The equation of a circle with center
(h, k) and radius r > 0 is

(z—h)?  (y—k)?
r2 o 72 =1

Notice the similarity between Equation 1.4 and Equation 1.5. Both equations involve a sum of
squares equal to 1; the difference is that with a circle, the denominators are the same, and with an
ellipse, they are different. If we take a transformational approach, we can consider both Equations
1.4 and 1.5 as shifts and stretches of the Unit Circle 22 + y?> = 1 in Definition 1.2. Replacing z
with (z — h) and y with (y — k) causes the usual horizontal and vertical shifts. Replacing = with £
and y with § causes the usual vertical and horizontal stretches. In other words, it is perfectly fine
to think of an ellipse as the deformation of a circle in which the circle is stretched farther in one
direction than the other.!

Example 1.4.1. Graph % % = 1. Find the center, the lines which contain the major and

minor axes, the vertices, the endpoints of the minor axis, and the foci.

Solution. We see that this equation is in the standard form of Equation 1.4. Here z — his x + 1 so
h=—1,andy — kis y — 2 so k = 2. Hence, our ellipse is centered at (—1,2). We see that a?=9so0
a = 3, and b* = 25 so b = 5. This means that we move 3 units left and right from the center and
5 units up and down from the center to arrive at points on the ellipse. As an aid to sketching, we
draw a rectangle matching this description, called a guide rectangle, and sketch the ellipse inside
this rectangle as seen below on the left.

!This was foreshadowed in Exercise 19 in Section 1.2.
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Since we moved farther in the y direction than in the z direction, the major axis will lie along
the vertical line z = —1, which means the minor axis lies along the horizontal line, y = 2. The
vertices are the points on the ellipse which lie along the major axis so in this case, they are the
points (—1,7) and (—1, —3), and the endpoints of the minor axis are (—4,2) and (2,2). (Notice
these points are the four points we used to draw the guide rectangle.) To find the foci, we find

¢ = /25 -9 = V16 = 4, which means the foci lie 4 units from the center. Since the major axis is
vertical, the foci lie 4 units above and below the center, at (—1,—2) and (—1,6). Plotting all this
information gives the graph seen above on the right. O

Example 1.4.2. Find the equation of the ellipse with foci (2, 1) and (4, 1) and vertex (0, 1).

Solution. Plotting the data given to us, we have

From this sketch, we know that the major axis is horizontal, meaning a > b. Since the center is the
midpoint of the foci, we know it is (3,1). Since one vertex is (0,1) we have that a = 3, so a? = 9.
All that remains is to find b2. Since the foci are 1 unit away from the center, we know ¢ = 1. Since

a > b, we have ¢ = Va2 —b?, or 1 = v/9 — b2, so b> = 8. Substituting all of our findings into the

equation (x;izh)Q + (y;izk)z = 1, we get our final answer to be @ + L_sl)? =1. n
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As with circles and parabolas, an equation may be given which is an ellipse, but isn’t in the stan-
dard form of Equation 1.4. In those cases, as with circles and parabolas before, we will need to
massage the given equation into the standard form.

To Write the Equation of an Ellipse in Standard Form

1. Group the same variables together on one side of the equation and position the constant
on the other side.

2. Complete the square in both variables as needed.

3. Divide both sides by the constant term so that the constant on the other side of the equa-
tion becomes 1.

Example 1.4.3. Graph 22 + 4y? — 2z + 24y + 33 = 0. Find the center, the lines which contain the
major and minor axes, the vertices, the endpoints of the minor axis, and the foci.

Solution. Since we have a sum of squares and the squared terms have unequal coefficients, it’s a
good bet we have an ellipse on our hands.?> We need to complete both squares, and then divide, if
necessary, to get the right-hand side equal to 1.

22 +4y? — 20 +24y+33 = 0

2 —2x 4+ 49>+ 24y = —33
x2—2$+4(y2+6y) = -33
(22 =22+ 1) +4 (> +6y+9) = —33+1+4(9)

(—-1)2+4(y+3)? = 4

(z—12+4(y+3)?* 4

4 T4
(567;)2+(y+3)2 =1
(37—41)2+(?JJ;3)2 _

Now that this equation is in the standard form of Equation 1.4, we see thatx —hisx —1soh =1,
and y — kis y + 3 so k = —3. Hence, our ellipse is centered at (1, —3). We see that a> = 4s0 a = 2,
and b? = 1 s0 b = 1. This means we move 2 units left and right from the center and 1 unit up and
down from the center to arrive at points on the ellipse. Since we moved farther in the = direction
than in the y direction, the major axis will lie along the horizontal line y = —3, which means the
minor axis lies along the vertical line x = 1. The vertices are the points on the ellipse which lie
along the major axis so in this case, they are the points (—1, —3) and (3, —3), and the endpoints of
the minor axis are (1, —2) and (1, —4). To find the foci, we find ¢ = v/4 — 1 = /3, which means the
foci lie v/3 units from the center. Since the major axis is horizontal, the foci lie v/3 units to the left
and right of the center, at (1 — v/3, —3) and (1 + /3, —3). Plotting all of this information gives

The equation of a parabola has only one squared variable and the equation of a circle has two squared variables
with identical coefficients.
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As you come across ellipses in the homework exercises and in the wild, you'll notice they come in
all shapes in sizes. Compare the two ellipses below.

>

Certainly, one ellipse is more round than the other. This notion of ‘roundness’ is quantified below.

Definition 1.5. The eccentricity of an ellipse, denoted e, is the following ratio:

B distance from the center to a focus

€ = —
distance from the center to a vertex

In an ellipse, the foci are closer to the center than the vertices, so 0 < e < 1. The ellipse above on
the left has eccentricity e ~ 0.98; for the ellipse above on the right, e ~ 0.66. In general, the closer
the eccentricity is to 0, the more “circular’ the ellipse; the closer the eccentricity is to 1, the more
‘eccentric’ the ellipse.

1

Example 1.4.4. Find the equation of the ellipse whose vertices are (£5, 0) with eccentricity e = ;.

Solution. As before, we plot the data given to us

From this sketch, we know that the major axis is horizontal, meaning a > b. With the vertices
located at (£5,0), we get a = 5 s0 a? = 25. We also know that the center is (0, 0) because the center
is the midpoint of the vertices. All that remains is to find b2. To that end, we use the fact that the
eccentricity e = 1 which means
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distance from the center to a focus c c

e= — - _Z
distance from the center toavertex a 5

from which we get ¢ = g. To get b?, we use the fact that ¢ = Va? — b2, so g = /25 — b2 from which

375 (xz—h)?
16 a?

> =

we get b? = 3%, Substituting all of our findings into the equation + (3,;72;4)2 = 1, yields our

final answer 92”—; + % =1 O
As with parabolas, ellipses have a reflective property. If we imagine the dashed lines below rep-

resenting sound waves, then the waves emanating from one focus reflect off the top of the ellipse
and head towards the other focus.

Such geometry is exploited in the construction of so-called ‘Whispering Galleries’. If a person
whispers at one focus, a person standing at the other focus will hear the first person as if they
were standing right next to them. We explore the Whispering Galleries in our last example.

Example 1.4.5. Jamie and Jason want to exchange secrets (terrible secrets) from across a crowded
whispering gallery. Recall that a whispering gallery is a room which, in cross section, is half of an
ellipse. If the room is 40 feet high at the center and 100 feet wide at the floor, how far from the
outer wall should each of them stand so that they will be positioned at the foci of the ellipse?

Solution. Graphing the data yields

40 units tall

100 units wide

It’s most convenient to imagine this ellipse centered at (0,0). Since the ellipse is 100 units wide
and 40 units tall, we get a = 50 and b = 40. Hence, our ellipse has the equation % + % =1
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We're looking for the foci, and we get ¢ = v/50% — 402 = /900 = 30, so that the foci are 30 units
from the center. That means they are 50 — 30 = 20 units from the vertices. Hence, Jason and Jamie
should stand 20 feet from opposite ends of the gallery. O
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1.4.1 EXERCISES

In Exercises 1 - 8, graph the ellipse. Find the center, the lines which contain the major and minor
axes, the vertices, the endpoints of the minor axis, the foci and the eccentricity.

2 2 2 2
.%+g—5:1 2.%+g—5:1
_ 9)2 2 2 Y
5 (@ 42) +(y+93) . n (x165) +(y 14) _1
—_1)2 _2)2 —1)2 2
5 (xml) +(y113) 1 6. (z ' ) +(114;13) 1
(x+2)?  (y—5)? (x—4)?  (y—2)?
7. :]_ . :]_
16 + 20 8 8 + 18

In Exercises 9 - 14, put the equation in standard form. Find the center, the lines which contain the
major and minor axes, the vertices, the endpoints of the minor axis, the foci and the eccentricity.

9. 922 +25y% — 5dx — 50y — 119 =0 10. 1222 +3y?> — 30y +39=0
11. 522 + 18y? — 302z + 72y +27 =0 12. 22 — 22 +2y°> — 12y +3 =0
13. 922 + 4y —4y —8 =10 14. 622 + 5y? — 242 + 20y + 14 =0

In Exercises 15 - 20, find the standard form of the equation of the ellipse which has the given
properties.

15. Center (3,7), Vertex (3, 2), Focus (3, 3)

16. Foci (0, £5), Vertices (0, £8).

17. Foci (£3,0), length of the Minor Axis 10

18. Vertices (3, 2), (13,2); Endpoints of the Minor Axis (8,4), (8,0)
19. Center (5,2), Vertex (0, 2), eccentricity 3

20. All points on the ellipse are in Quadrant IV except (0, —9) and (8,0). (One might also say
that the ellipse is “tangent to the axes” at those two points.)

21. Repeat Example 1.4.5 for a whispering gallery 200 feet wide and 75 feet tall.

22. An elliptical arch is constructed which is 6 feet wide at the base and 9 feet tall in the middle.
Find the height of the arch exactly 1 foot in from the base of the arch. Compare your result
with your answer to Exercise 21 in Section 1.3.

23. The Earth’s orbit around the sun is an ellipse with the sun at one focus and eccentricity
e =~ 0.0167. The length of the semimajor axis (that is, half of the major axis) is defined to be 1
astronomical unit (AU). The vertices of the elliptical orbit are given special names: “aphelion’
is the vertex farthest from the sun, and “perihelion” is the vertex closest to the sun. Find the
distance in AU between the sun and aphelion and the distance in AU between the sun and
perihelion.
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24.

25.

26.

HOOKED ON CONICS

The graph of an ellipse clearly fails the Vertical Line Test, so the equation of an ellipse does
not define y as a function of z. However, much like with circles and horizontal parabolas, we
can split an ellipse into a top half and a bottom half, each of which would indeed represent y
as a function of x. With the help of your classmates, use your calculator to graph the ellipses
given in Exercises 1 - 8 above. What difficulties arise when you plot them on the calculator?

Some famous examples of whispering galleries include in London, Eng-
land, in Washington, D.C., and . With
the help of your classmates, research these whispering galleries. How does the whispering
effect compare and contrast with the scenario in Example 1.4.5?

With the help of your classmates, research “extracorporeal shock-wave lithotripsy”. It uses
the reflective property of the ellipsoid to dissolve kidney stones.


http://www.stpauls.co.uk/
http://www.aoc.gov/cc/capitol/nat_stat_hall.cfm
http://www.cincymuseum.org/
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1.4.2 ANSWERS

2 2 v
.=+ %
169 25
Center (0, 0)
Major axis along y = 0
Minor axis along = 0
Vertices (13,0), (—13,0)
Endpoints of Minor Axis (0, —5), (0,5)

Foci (12,0), (—12,0)

_12
€=13

22 g2
2. 9 + o5 = 1
Center (0, 0)
Major axis along z = 0
Minor axis along y = 0
Vertices (0, 5), (0, —5)
Endpoints of Minor Axis (—3,0), (3,0)
Foci (0, —4), (0,4)

_ 4
€=5

(z—-2)?%  (y+3)° !
3. T T = 1 ,
Center (2, —3)
Major axis along z = 2
Minor axis along y = —3
Vertices (2,0), (2,—6)
Endpoints of Minor Axis (0, —3), (4, —3)
Foci (2, -3 +/5), (2,-3 — V/5)

PR VT

16 1 Y
Center (—5,4) 54
Major axis along y = 4 4t
Minor axis along x = —5 sl
Vertices (—9,4), (—1,4)

Endpoints of Minor Axis (-5, 3), (—5,5) T
Foci (=5 + /15,4), (=5 — /15, 4) It
e = @ + + + + t + + + +

4 -9 -8 -7 —6 —5 —4 -3 —2 —1 x
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5.

(-1  (y—3)

0 1
Center (1, 3)
Major axis along z = 1
Minor axis along y = 3
Vertices (1,3 + v/11), (1,3 — V/11)
Endpoints of the Minor Axis
(1-+/10,3), (1 +10,3)
Foci (1,2), (1,4)

1

o Vil

(=17 (+3°
9 4

Center (1, —3)

Major axis along y = —3

Minor axis along x = 1

Vertices (4, —3), (=2, -3)

Endpoints of the Minor Axis (1, —1), (1, —-5)
Foci (1 ++/5,-3), (1 —/5,-3)

HOOKED ON CONICS

5
o=
2 _E)2
(@+2? w-5 _,
16 20
Center (—2,5)
Major axis along x = —2

Minor axis along y = 5

Vertices (—2,5 + 2v/5), (2,5 — 21/5)
Endpoints of the Minor Axis (—6,5), (2,5)
Foci (-2,7), (—2,3)

_ V5
€="5

=6 5 i 5 % T
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11.

Center (4, 2)

Major axis along x = 4

Minor axis along y = 2

Vertices (4,2 + 3v/2), (4,2 — 3v/2)
Endpoints of the Minor Axis
(4—2v2,2), (4+2v2,2)

Foci (4,2 + v10), (4,2 — V10)

oo 5
3
(z—3)?%  (y—1)°

25 =!

Center (3,1)

Major Axis along y = 1

Minor Axis along x = 3

Vertices (8,1), (—2,1)

Endpoints of Minor Axis (3,4), (3, —2)
Foci (7,1), (—1,1)

e =

(S

(z—3)*  (y+2?° _

=1

18
Center (3, —2)
Major axis along y = —2
Minor axis along = 3
Vertices (3 — 3v/2, —2), (3 + 3v/2, —2)
Endpoints of Minor Axis (3,—2 + /5),
Foci (3 — V13, -2), (3 + /13, -2)

_ V%
€= "%
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10.

12.

3 + 12
Center (0, 5)
Major axis along = = 0

Minor axis along y = 5

Vertices (0,5 — 2v/3), (0,5 + 2v/3)
Endpoints of Minor Axis (—v/3,5), (v/3, 5)
Foci (0,2), (0, 8)

oo V3
2
(z-1?% (-3>_

=1

16
Center (1, 3)
Major Axis along y = 3
Minor Axis along z = 1
Vertices (5, 3), (—3,3)
Endpoints of Minor Axis (1,3 + 2v/2),
(17 3— 2\/5)
Foci (1 +2v/2,3), (1 —2v/2,3)

_ V2
€=
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2y _ 1)2
Tl Ut R

15.

17.

19.

21.

22.

23.

1 9
Center (0, 3)
Major Axis along = = 0 (the y-axis)

Minor Axis along y = 1

2

Vertices (0, 2), (0, —1)

Endpoints of Minor Axis (—1, %), (1, %)
Foci (0, 1575, (0,15%5)

e =

“f&

(z —3)? N (y—1)?°

=1
9 25

B2 _ 0\2
(=52, dy-27 _
25 75

14.

16.

HOOKED ON CONICS

(-2 @+’ _,

Cen5ter (2,-2)

Major Axis along z = 2

Minor Axis along y = —2

Vertices (2, —2 + v/6), (2, —2 — v/6)
Endpoints of Minor Axis (2—/5,-2),
(2+V5.-2)

Foci (2,-1), (2,-3)

6
e= Y8
x2 y2
39 64
Q)2 _ 9)2
(x-8)°  w-2° _,
25 4
(x=8?  w+9*_,
64 81

Jamie and Jason should stand 100 — 25v/7 ~ 33.86 feet from opposite ends of the gallery.

The arch can be modeled by the top half of % + g—i = 1. One foot in from the base of the arch
corresponds to either z = +2. Plugging in z = +2 gives y = £3+/5 and since y represents a

height, we choose y = 3v/5 ~ 6.71 feet.

Distance from the sun to aphelion ~ 1.0167 AU.

Distance from the sun to perihelion ~ 0.9833 AU.
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1.5 HYPERBOLAS

In the definition of an ellipse, Definition 1.4, we fixed two points called foci and looked at points
whose distances to the foci always added to a constant distance d. Those prone to syntactical
tinkering may wonder what, if any, curve we’d generate if we replaced added with subtracted.
The answer is a hyperbola.

Definition 1.6. Given two distinct points F, and F;, in the plane and a fixed distance d, a hy-
perbola is the set of all points (x,y) in the plane such that the absolute value of the difference
of each of the distances from F; and F, to (z,y) is d. The points F; and F, are called the foci of
the hyperbola.

In the figure above:

the distance from F, to (z,,y,) — the distance from F, to (z,,y,) = d

and

the distance from F, to (z,,y,) — the distance from F; to (z,,y,) = d

Note that the hyperbola has two parts, called branches. The center of the hyperbola is the mid-
point of the line segment connecting the two foci. The transverse axis of the hyperbola is the line
segment connecting two opposite ends of the hyperbola which also contains the center and foci.
The vertices of a hyperbola are the points of the hyperbola which lie on the transverse axis. In
addition, we will show momentarily that there are lines called asymptotes which the branches of
the hyperbola approach for large x and y values. They serve as guides to the graph. In pictures,



38 HOOKED ON CONICS

A hyperbola with center C; foci F,, F;; and vertices V;, V, and asymptotes (dashed)

Before we derive the standard equation of the hyperbola, we need to discuss one further param-
eter, the conjugate axis of the hyperbola. The conjugate axis of a hyperbola is the line segment
through the center which is perpendicular to the transverse axis and has the same length as the
line segment through a vertex which connects the asymptotes. In pictures we have

Note that in the diagram, we can construct a rectangle using line segments with lengths equal to
the lengths of the transverse and conjugate axes whose center is the center of the hyperbola and
whose diagonals are contained in the asymptotes. This guide rectangle, much akin to the one we
saw Section 1.4 to help us graph ellipses, will aid us in graphing hyperbolas.

Suppose we wish to derive the equation of a hyperbola. For simplicity, we shall assume that the
center is (0,0), the vertices are (a,0) and (—a,0) and the foci are (¢,0) and (—c¢,0). We label the
endpoints of the conjugate axis (0,b) and (0, —b). (Although b does not enter into our derivation,
we will have to justify this choice as you shall see later.) As before, we assume a, b, and c are all
positive numbers. Schematically we have
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Since (a, 0) is on the hyperbola, it must satisfy the conditions of Definition 1.6. That is, the distance
from (—c,0) to (a,0) minus the distance from (¢, 0) to (a,0) must equal the fixed distance d. Since
all these points lie on the z-axis, we get

distance from (—c, 0) to (a,0) — distance from (¢, 0) to (a,0) = d
(a+¢c)—(c—a) = d
20 = d

In other words, the fixed distance d from the definition of the hyperbola is actually the length of
the transverse axis! (Where have we seen that type of coincidence before?) Now consider a point
(x,y) on the hyperbola. Applying Definition 1.6, we get

distance from (—c,0) to (z,y) — distance from (c,0) to (z,y) = 2a
VE—(=))2+y-02-/(z—c2+(y—-02 = 2a
VE+eo2+y2—y/(z—c)2+y2 = 2a

Using the same arsenal of Intermediate Algebra weaponry we used in deriving the standard for-
mula of an ellipse, Equation 1.4, we arrive at the following.!

(@2 =) a2 +a2? = a®(a®—c?)
What remains is to determine the relationship between a, b and c. To that end, we note that since
a and c are both positive numbers with a < ¢, we get a® < ¢ so that a® — ¢? is a negative number.
Hence, ¢? — a? is a positive number. For reasons which will become clear soon, we re-write the

equation by solving for y%/2? to get

Tt is a good exercise to actually work this out.
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(a2 =) a?+a2? = a?(a®—c?)
(2 —a?)a?+at? = —a?(?—a?)
a2y? = (2 —a?)a?—a? (- a?)
yj - (2 — a?) B (2 — a?)
x2 a? x2

. . (c a2) y2 (02—a2) .
As z and y attain very large values, the quantity ~~—— — 0 so that 5 — ~——. By setting

b2 = c? — a® we get z—z s Z—z This shows that y — %2 as |z| grows large. Thus y = 22 are the

asymptotes to the graph as predicted and our choice of labels for the endpoints of the conjugate

axis is justified. In our equation of the hyperbola we can substitute a> — ¢ = —b® which yields
(@2— )22 +a2y? = a?(a®—c?)
22?4 a2 = —a2b?
2 2
a? b2

The equation above is for a hyperbola whose center is the origin and which opens to the left and
right. If the hyperbola were centered at a point (A, k), we would get the following.

Equation 1.6. The Standard Equation of a Horizontal” Hyperbola For positive numbers a and
b, the equation of a horizontal hyperbola with center (A, k) is

@=?_(-k? _,
a? 2

“That is, a hyperbola whose branches open to the left and right

If the roles of x and y were interchanged, then the hyperbola’s branches would open upwards and
downwards and we would get a “vertical” hyperbola.

Equation 1.7. The Standard Equation of a Vertical Hyperbola For positive numbers a and b,
the equation of a vertical hyperbola with center (h, k) is:

(y—k)? (z—h)

b2 a2 1

The values of a and b determine how far in the « and y directions, respectively, one counts from the
center to determine the rectangle through which the asymptotes pass. In both cases, the distance
from the center to the foci, ¢, as seen in the derivation, can be found by the formula ¢ = va? + b2
Lastly, note that we can quickly distinguish the equation of a hyperbola from that of a circle or
ellipse because the hyperbola formula involves a difference of squares where the circle and ellipse
formulas both involve the sum of squares.

Example 1.5.1. Graph the equation % — % = 1. Find the center, the lines which contain the

transverse and conjugate axes, the vertices, the foci and the equations of the asymptotes.

Solution. We first see that this equation is given to us in the standard form of Equation 1.6. Here
x—hisxz —2soh =2,and y — kis y so k = 0. Hence, our hyperbola is centered at (2,0). We see
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that a2 = 4s0 a = 2, and b? = 25 s0 b = 5. This means we move 2 units to the left and right of
the center and 5 units up and down from the center to arrive at points on the guide rectangle. The
asymptotes pass through the center of the hyperbola as well as the corners of the rectangle. This
yields the following set up.

_T
Sa

R
7
t
~

ot
T —
~

N W
N | 4
t t

-
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Since the y? term is being subtracted from the 2% term, we know that the branches of the hyperbola
open to the left and right. This means that the transverse axis lies along the z-axis. Hence, the
conjugate axis lies along the vertical line = 2. Since the vertices of the hyperbola are where the
hyperbola intersects the transverse axis, we get that the vertices are 2 units to the left and right of
(2,0) at (0,0) and (4,0). To find the foci, we need ¢ = Va2 + b2 = /4 + 25 = 1/29. Since the foci
lie on the transverse axis, we move /29 units to the left and right of (2, 0) to arrive at (2 — /29, 0)
(approximately (—3.39,0)) and (2 + v/29,0) (approximately (7.39,0)). To determine the equations
of the asymptotes, recall that the asymptotes go through the center of the hyperbola, (2,0), as well
as the corners of guide rectangle, so they have slopes of +2 = +3. Using the point-slope equation
of aline, we obtainy — 0 = j:g(x —2),sowegety = gx —b5and y = —%:H— 5. Putting it all together,
we get
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O]

Example 1.5.2. Find the equation of the hyperbola with asymptotes y = £22 and vertices (+5,0).

Solution. Plotting the data given to us, we have

This graph not only tells us that the branches of the hyperbola open to the left and to the right, it

also tells us that the center is (0,0). Hence, our standard form is 2—; — z—; = 1. Since the vertices
are (+5,0), we have a = 5 so a®> = 25. In order to determine b?, we recall that the slopes of the
asymptotes are ig. Since a = 5 and the slope of the line y = 2z is 2, we have that g =2,s50b=10.

. . 2 2
Hence, b?> = 100 and our final answer is 55— 1740—0 =1. O

As with the other conic sections, an equation whose graph is a hyperbola may not be given in
either of the standard forms. To rectify that, we have the following.
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To Write the Equation of a Hyperbola in Standard Form

1. Group the same variables together on one side of the equation and position the constant
on the other side

2. Complete the square in both variables as needed

3. Divide both sides by the constant term so that the constant on the other side of the equa-
tion becomes 1

Example 1.5.3. Consider the equation 93> — 22 — 6z = 10. Put this equation in to standard form
and graph. Find the center, the lines which contain the transverse and conjugate axes, the vertices,
the foci, and the equations of the asymptotes.

Solution. We need only complete the square on z:

9% — 22 -6z = 10
9y —1 (2 +62) = 10
9y? — (a2 +62+9) = 10-1(9)
9?2 —(z+3)2 = 1
yj _(z+ 32 ]
% 1
Now that this equation is in the standard form of Equation 1.7, we see that x —hisx+3soh = -3,

and y — k is y so k = 0. Hence, our hyperbola is centered at (—3,0). We find that a> = 1soa = 1,
and b> = § so b = . This means that we move 1 unit to the left and right of the center and %
units up and down from the center to arrive at points on the guide rectangle. Since the x? term
is being subtracted from the y? term, we know the branches of the hyperbola open upwards and
downwards. This means the transverse axis lies along the vertical line + = —3 and the conjugate
axis lies along the z-axis. Since the vertices of the hyperbola are where the hyperbola intersects
the transverse axis, we get that the vertices are  of a unit above and below (—3,0) at (—3,1) and

(-3, —%) To find the foci, we use
=Va?+b? = Vo + =

Since the foci lie on the transverse axis, we move V10 ynits above and below —3,0) to arrive at
3

X

<—3, @) and <—3, —@). To determine the asymptotes, recall that the asymptotes go through
the center of the hyperbola, (—3,0), as well as the corners of guide rectangle, so they have slopes
of +2 = +1. Using the point-slope equation of a line, we get y = 1z + 1 and y = —2 — 1. Putting
it all together, we get
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Hyperbolas can be used in so-called ,/ or ‘positioning” problems. The procedure out-
lined in the next example is the basis of the (now virtually defunct) LOng Range Aid to Navigation
( for short) system.?

Example 1.5.4. Jeff is stationed 10 miles due west of Carl in an otherwise empty forest in an
attempt to locate an elusive Sasquatch. At the stroke of midnight, Jeff records a Sasquatch call
9 seconds earlier than Carl. If the speed of sound that night is 760 miles per hour, determine a
hyperbolic path along which Sasquatch must be located.

Solution. Since Jeff hears Sasquatch sooner, it is closer to Jeff than it is to Carl. Since the speed of
sound is 760 miles per hour, we can determine how much closer Sasquatch is to Jeff by multiplying

miles 1 hour

760
hour % 3600 seconds

x 9seconds = 1.9 miles

This means that Sasquatch is 1.9 miles closer to Jeff than it is to Carl. In other words, Sasquatch
must lie on a path where

(the distance to Carl) — (the distance to Jeff) = 1.9

This is exactly the situation in the definition of a hyperbola, Definition 1.6. In this case, Jeff and
Carl are located at the foci,® and our fixed distance d is 1.9. For simplicity, we assume the hyperbola
is centered at (0, 0) with its foci at (=5, 0) and (5, 0). Schematically, we have

2GPS now rules the positioning kingdom. Is there still a place for LORAN and other land-based systems? Do
satellites ever malfunction?
*We usually like to be the center of attention, but being the focus of attention works equally well.


http://en.wikipedia.org/wiki/Trilateration
http://en.wikipedia.org/wiki/LORAN
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We are seeking a curve of the form i—z — z—j = 1 in which the distance from the center to each focus
is c = 5. As we saw in the derivation of the standard equation of the hyperbola, Equation 1.6,
d = 2a, so that 2a = 1.9, or a = 0.95 and a? = 0.9025. All that remains is to find b2. To that end, we

recall that a? 4 b = ¢? s0 b = ¢ — a? = 25 — 0.9025 = 24.0975. Since Sasquatch is closer to Jeff

2
1. O

than it is to Carl, it must be on the western (left hand) branch of ﬁg% — sisoTE =

In our previous example, we did not have enough information to pin down the exact location of
Sasquatch. To accomplish this, we would need a third observer.

Example 1.5.5. By a stroke of luck, Kai was also camping in the woods during the events of the
previous example. He was located 6 miles due north of Jeff and heard the Sasquatch call 18 sec-
onds after Jeff did. Use this added information to locate Sasquatch.

Solution. Kai and Jeff are now the foci of a second hyperbola where the fixed distance d can be
determined as before

miles 1 hour

760 hour x 3600 seconds

x 18 seconds = 3.8 miles

Since Jeff was positioned at (-5, 0), we place Kai at (—5,6). This puts the center of the new hy-

perbola at (—5, 3). Plotting Kai’s position and the new center gives us the diagram below on the
left. The second hyperbola is vertical, so it must be of the form (?”;723)2 — %725)2 = 1. As before, the
distance d is the length of the major axis, which in this case is 2b. We get 20 = 3.8 so thatb = 1.9
and b? = 3.61. With Kai 6 miles due North of Jeff, we have that the distance from the center to the
focus is ¢ = 3. Since a? + b*> = ¢?, we get a> = ¢ — b = 9 — 3.61 = 5.39. Kai heard the Sasquatch
call after Jeff, so Kai is farther from Sasquatch than Jeff. Thus Sasquatch must lie on the southern
(y=3)> _ (z45)*

branch of the hyperbola ~5-= =35~ = L. Looking at the western branch of the hyperbola de-
termined by Jeff and Carl along with the southern branch of the hyperbola determined by Kai and
Jeff, we see that there is exactly one point in common, and this is where Sasquatch must have been
when it called.
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To determine the coordinates of this point of intersection exactly, we would need techniques for
solving systems of non-linear equations, so we use the calculator* Doing so, we get Sasquatch is
approximately at (—0.9629, —0.8113). O

Each of the conic sections we have studied in this chapter result from graphing equations of the
form Az? + Cy? + Dz + Ey + F = 0 for different choices of A, C, D, E, and F. While we’ve seen
examples® demonstrate fow to convert an equation from this general form to one of the standard
forms, we close this chapter with some advice about which standard form to choose.®

Strategies for Identifying Conic Sections
Suppose the graph of equation Az%+ Cy*+ Dz + Ey+ F = 0 is a non-degenerate conic section.”

e If just one variable is squared, the graph is a parabola. Put the equation in the form of
Equation 1.2 (if z is squared) or Equation 1.3 (if y is squared).

If both variables are squared, look at the coefficients of 22 and 42, A and B.

¢ If A = B, the graph is a circle. Put the equation in the form of Equation 1.1.

e If A # Bbut A and B have the same sign, the graph is an ellipse. Put the equation in the
form of Equation 1.4.

¢ If A and B have the different signs, the graph is a hyperbola. Put the equation in the form
of either Equation 1.6 or Equation 1.7.

"That is, a parabola, circle, ellipse, or hyperbola — see Section 1.1.

4First solve each hyperbola for y, and choose the correct equation (branch) before proceeding.
5Examples 1.2.3,1.3.4,1.4.3, and 1.5.3, in particular.
®We formalize this in Exercise 34.
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1.5.1 EXERCISES

In Exercises 1 - 8, graph the hyperbola. Find the center, the lines which contain the transverse and
conjugate axes, the vertices, the foci and the equations of the asymptotes.

L2 s

3 (95—42)2_(31‘23)2:1 n (y;13)2_(:r101)2:1
5. ($Jlr64)2_(y14)2:1 6. (5521)2_(943)2:1
, W+2? (=57 g @=4? -2

16 20 8 18

In Exercises 9 - 12, put the equation in standard form. Find the center, the lines which contain the
transverse and conjugate axes, the vertices, the foci and the equations of the asymptotes.

9. 1222 — 3y?> +30y — 111 =0 10. 18y% — 52?2 + 72y + 30z — 63 = 0
11. 922 — 25y — 542 — 50y — 169 = 0 12. —622 + 5y% — 242 + 40y +26 =0

In Exercises 13 - 18, find the standard form of the equation of the hyperbola which has the given
properties.

13. Center (3,7), Vertex (3, 3), Focus (3, 2)

14. Vertex (0, 1), Vertex (8, 1), Focus (—3,1)

15. Foci (0, £8), Vertices (0, £5).

16. Foci (5, 0), length of the Conjugate Axis 6

17. Vertices (3,2), (13, 2); Endpoints of the Conjugate Axis (8,4), (8,0)
18. Vertex (—10,5), Asymptotes y = +1(z —6) + 5

In Exercises 19 - 28, find the standard form of the equation using the guidelines on page 46 and
then graph the conic section.

19. 22 — 22 —4y—11=0 20. 22+ y? -8z +4y +11 =0
21. 922 + 4y? — 362 + 24y + 36 =0 22. 922 — 4y? — 362 — 24y — 36 =0
23. y2 + 8y — 4z +16 =0 24, 422 +y? —8x+4=0

25. 422 + 9y — 8z + 5dy + 49 = 0 26. 22 +y> — 6z +4y+ 14 =0
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27.

29.

30.

31.

32.
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222 4+ 4% + 122 — 8y +25 =0 28. 4x? — 5y% — 402 — 20y + 160 = 0

The graph of a vertical or horizontal hyperbola clearly fails the Vertical Line Test, so the
equation of a vertical of horizontal hyperbola does not define y as a function of z.” How-
ever, much like with circles, horizontal parabolas and ellipses, we can split a hyperbola into
pieces, each of which would indeed represent y as a function of . With the help of your
classmates, use your calculator to graph the hyperbolas given in Exercises 1 - 8 above. How
many pieces do you need for a vertical hyperbola? How many for a horizontal hyperbola?

The location of an earthquake’s epicenter — the point on the surface of the Earth directly
above where the earthquake actually occurred — can be determined by a process similar to
how we located Sasquatch in Example 1.5.5. (Earthquakes are complicated events and it is
not our intent to provide a complete discussion of the science involved in them. Instead,
we refer the interested reader to a course in Geology or the U.S. Geological Survey’s Earth-
quake Hazards Program found .) Our technique works only for
relatively small distances because we need to assume that the Earth is flat in order to use hy-
perbolas in the plane. The P-waves (“P” stands for Primary) of an earthquake in Sasquatchia
travel at 6 kilometers per second.® Station A records the waves first. Then Station B, which
is 100 kilometers due north of Station A, records the waves 2 seconds later. Station C, which
is 150 kilometers due west of Station A records the waves 3 seconds after that (a total of 5
seconds after Station A). Where is the epicenter?

The notion of eccentricity introduced for ellipses in Definition 1.5 in Section 1.4 is the same
for hyperbolas in that we can define the eccentricity e of a hyperbola as

distance from the center to a focus
e =
distance from the center to a vertex

(a) With the help of your classmates, explain why e > 1 for any hyperbola.
(b) Find the equation of the hyperbola with vertices (+3,0) and eccentricity e = 2.

(c) With the help of your classmates, find the eccentricity of each of the hyperbolas in
Exercises 1 - 8. What role does eccentricity play in the shape of the graphs?

On page 16 in Section 1.3, we discussed paraboloids of revolution when studying the de-
sign of satellite dishes and parabolic mirrors. In much the same way, ‘natural draft’ cooling
towers are often shaped as hyperboloids of revolution. Each vertical cross section of these
towers is a hyperbola. Suppose the a natural draft cooling tower has the cross section be-
low. Suppose the tower is 450 feet wide at the base, 275 feet wide at the top, and 220 feet at
its narrowest point (which occurs 330 feet above the ground.) Determine the height of the
tower to the nearest foot.

"We will see later in the text that the graphs of certain rotated hyperbolas pass the Vertical Line Test.
¥Depending on the composition of the crust at a specific location, P-waves can travel between 5 kps and 8 kps.


http://earthquake.usgs.gov/
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450 ft

33. With the help of your classmates, research the Cassegrain Telescope. It uses the reflective
property of the hyperbola as well as that of the parabola to make an ingenious telescope.

34. With the help of your classmates show that if Az? + Cy? + Dz + Ey + F = 0 determines a
non-degenerate conic’ then

¢ AC < 0 means that the graph is a hyperbola
¢ AC = 0 means that the graph is a parabola
¢ AC > 0 means that the graph is an ellipse or circle

NOTE: This result can be generalized.

“Recall that this means its graph is either a circle, parabola, ellipse or hyperbola.
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1.5.2 ANSWERS

1.

1’2 y2

16 9

Center (0,0)

Transverse axisony = 0
Conjugate axison z = 0
Vertices (4,0), (—4,0)
Foci (5,0), (—5,0)
Asymptotes y = i%x

y2 $2

9 16

Center (0,0)

Transverse axison z = 0
Conjugate axis on y = 0
Vertices (0, 3), (0, —3)
Foci (0,5), (0, —5)
Asymptotes y = +3x

(z—2?% (y+3)* _

— =1
4 9
Center (2, —3)
Transverse axison y = —3

Conjugate axis on x = 2
Vertices (0, —3), (4, —3)
Foci (2 + /13, -3), (2
Asymptotes y = £3(z

V13,
2

—3)
)—3
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g W=37 @-1%
11 10

Center (1, 3)
Transverse axison x = 1
Conjugate axisony = 3
Vertices (1,3 +v/11), (1,3 — V/11)
Foci (1,3 + v/21), (1,3 — v/21)
Asymptotes y = i‘/f( -1)+3

(z+4)? (y—4)?

5. 16 1 =1

Center (—4,4)

Transverse axisony = 4

Conjugate axison z = —4

Vertices (—8,4), (0,4) il

Foci (—4 + V17,4), (4 —V/17,4) T T o T e e

Asymptotes y — i%(w + 4) + 4 —11-10-9 -8 =7 —6 =5 —4 —3 =2 —1 1 2 3
o @) w-3

9 4

Center (—1,3)

Transverse axison y = 3

Conjugate axison z = —1

Vertices (2, 3), (—4,3)

Foci (—1+v/13,3), (-1 - V/13,3)

Asymptotes y = £2(z +1) + 3
RS D

16 20
Center (5, —2)
Transverse axison x = 5

Conjugate axisony = —2 :111 5 T%\fi ! Es/}’ 4 ééfo g
Vertices (5, 2), (5, —6) —21 X '
Foci (5, 4) s (5, —8) 73"5 RN :

\/5 —4--5 // \\
Asymptotes y = =22 (2 — 5) — 2 51 N
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11.

13.

15.

Center (4, 2)

Transverse axis on y = 2
Conjugate axison z = 4

Vertices (4 + 2v/2,2) (4 2\@ 2)
Foci 4 + m 2 (34

Asymptotes y==£5

z?  (y—5)°
312
Center (0, 5)
Transverse axisony = 5
Conjugate axison z = 0
Vertices (v/3,5), (—v/3,5)
Foci (v/15,5), (—v/15, 5)

Asymptotes y = £2x + 5

=1

(-3 (y+1)?°
25 9

Center (3, —1)

Transverse axisony = —1

Conjugate axison x = 3

Vertices (8, —1),(—2,—1)

Foci (3 +v/34,-1), (3 —v/34,-1)

Asymptotes y = £2(z — 3) — 1

=1

(@/—7)2_(56—3)2_1
16 9
v
25 39
(96—8)2_(31—2)2 1
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10.

12.

14.

16.

18.

(y +2)?

5 18
Center (3, —2)
Transverse axison x = 3
Conjugate axison y = —2
Vertices (3, —2 + /5), (3, =2 — /5)
Foci (3, -2 +v/23), (3, -2 — v/23)
Asymptotes y = i@(m -3) -2

(y+4? (z+2)? )

6 5
Center (-2, —4)
Transverse axis on z = —2
Conjugate axison y = —4

Vertices (—2, -4+ V6) , (=2, -4 — V/6)
Foci (-2, -4 + V11), (-2, -4 — V11)
Asymptotes y = :I:@(CL' +2)—4

(z—4)?2  (y—1)> 1
16 33
2 2

Ty

- <L =1

16 9
(x—6)2_(y—5)2_1
256 64
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19. (x—1)2 =4(y+3) 20. (x—4)2+ (y+2)2=9

21.

(z—1)*  o?
o4 T LY
T

y The graph is the point (1, 0) only.

23. (y+4)? = 4x
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26. (x—3)*+ (y+2)?=-1
9 4 There is no graph.

o @4 0o

2
There is no graph.

3
4 16 20

||||||||||| T

30. By placing Station A at (0, —50) and Station B at (0,50), the two second time difference

yields the hyperbola % - % = 1 with foci A and B and center (0,0). Placing Station C

at (—150, —50) and using foci A and C gives us a center of (=75, —50) and the hyperbola

(1;2755 2 (ySZl%%)Q = 1. The point of intersection of these two hyperbolas which is closer to A

than B and closer to A than C is (—57.8444, —9.21336) so that is the epicenter.

1’2 2
ﬂ(mg—%:L

32. The tower may be modeled (approximately)!’ by 12:”1200 - (ygﬂgf’)gp = 1. To find the height, we

plug in x = 137.5 which yields y ~ 191 or y ~ 469. Since the top of the tower is above the
narrowest point, we get the tower is approximately 469 feet tall.

52707600

'“The exact value underneath (y — 330)* is 2271978

in case you need more precision.



CHAPTER 2

SYSTEMS OF EQUATIONS AND MATRICES

2.1 SYSTEMS OF LINEAR EQUATIONS: GAUSSIAN ELIMINATION

Up until now, when we concerned ourselves with solving different types of equations there was
only one equation to solve at a time. Given an equation f(z) = g(x), we could check our solutions
geometrically by finding where the graphs of y = f(z) and y = g(z) intersect. The z-coordinates
of these intersection points correspond to the solutions to the equation f(z) = g(x), and the y-
coordinates were largely ignored. If we modify the problem and ask for the intersection points of
the graphs of y = f(z) and y = g(z), where both the solution to « and y are of interest, we have
what is known as a system of equations, usually written as

(V2

The ‘curly bracket’ notation means we are to find all pairs of points (z,y) which satisfy both
equations. We begin our study of systems of equations by reviewing some basic notions from
Intermediate Algebra.

Definition 2.1. A linear equation in two variables is an equation of the form a,z + a,y = ¢
where a,, a, and c are real numbers and at least one of @, and a, is nonzero.

For reasons which will become clear later in the section, we are using subscripts in Definition 2.1
to indicate different, but fixed, real numbers and those subscripts have no mathematical meaning
beyond that. For example, 3z — § = 0.1 is a linear equation in two variables with a, = 3, a, = —%
and ¢ = 0.1. We can also consider x = 5 to be a linear equation in two variables' by identifying
a; =1,a, = 0,and c = 5. If a, and a, are both 0, then depending on ¢, we get either an equation
which is always true, called an identity, or an equation which is never true, called a contradiction.
(If ¢ = 0, then we get 0 = 0, which is always true. If ¢ # 0, then we’d have 0 # 0, which is never
true.) Even though identities and contradictions have a large role to play in the upcoming sections,
we do not consider them linear equations. The key to identifying linear equations is to note that
the variables involved are to the first power and that the coefficients of the variables are numbers.

!Critics may argue that x = 5 is clearly an equation in one variable. It can also be considered an equation in 117
variables with the coefficients of 116 variables set to 0. As with many conventions in Mathematics, the context will
clarify the situation.
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Some examples of equations which are non-linear are 2> +y = 1, xy = 5 and ¢?* + In(y) = 1.
We leave it to the reader to explain why these do not satisfy Definition 2.1. The graphs of linear
equations are lines. If we couple two or more linear equations together, in effect to find the points
of intersection of two or more lines, we obtain a system of linear equations in two variables. Our
tirst example reviews some of the basic techniques first learned in Intermediate Algebra.

Example 2.1.1. Solve the following systems of equations. Check your answer algebraically and
graphically.

1 {Qsc—y =1 5 { 3r+dy = —2 3 {§_45y = I
: B LqorTa = e -
vl oy = 3 Tts = 2
_ — _ rT—y = 0
4{3_‘6@ - g 5{?;1? _ 13 6. r+y = 2
o Yo 24y = -2
Solution.

1. Our first system is nearly solved for us. The second equation tells us that y = 3. To find the
corresponding value of =, we substitute this value for y into the the first equation to obtain
2z — 3 = 1, so that = 2. Our solution to the system is (2, 3). To check this algebraically,
we substitute x = 2 and y = 3 into each equation and see that they are satistied. We see
2(2) —3 =1, and 3 = 3, as required. To check our answer graphically, we graph the lines
2z —y = 1 and y = 3 and verify that they intersect at (2, 3).

2. To solve the second system, we use the addition method to eliminate the variable x. We
take the two equations as given and ‘add equals to equals’ to obtain

3r+4y = -2
+ (=3z—y = b)
Jy = 3

This gives us y = 1. We now substitute y = 1 into either of the two equations, say —3z —y =
5, to get —3z — 1 = 5 so that © = —2. Our solution is (—2,1). Substituting x = —2and y = 1
into the first equation gives 3(—2) + 4(1) = —2, which is true, and, likewise, when we check
(—2,1) in the second equation, we get —3(—2) — 1 = 5, which is also true. Geometrically, the
lines 3z + 4y = —2 and —3z — y = 5 intersect at (—2,1).
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1+ [ R —

3+ 4y = -2
2z—-y=1 —3xz—y=>5
y=

3. The equations in the third system are more approachable if we clear denominators. We
multiply both sides of the first equation by 15 and both sides of the second equation by 18 to
obtain the kinder, gentler system

5z — 12y 21
der+6y = 9

Adding these two equations directly fails to eliminate either of the variables, but we note
that if we multiply the first equation by 4 and the second by —5, we will be in a position to
eliminate the z term

20x — 48y = 84

+ (—20z —30y = —45)

78y = 39
From this we get y = —2. We can temporarily avoid too much unpleasantness by choosing to
substitute y = —3 into one of the equivalent equations we found by clearing denomlnators,

say into 5 — 12y = 21. We get 5 + 6 = 21 which gives x = 3. Our answer is ( ) At
this point, we have no choice — in order to check an answer algebraically, we must see if the

answer satisfies both of the original equations, so we substitute z = 3 and y = —3 into both
5 — %y = Zand % + ¥ = 1. We leave it to the reader to verify that the solutlon is correct.

Graphmg both of the hnes 1nvolved with considerable care yields an intersection point of
(3,—3)-

4. An eerie calm settles over us as we cautiously approach our fourth system. Do its friendly
integer coefficients belie something more sinister? We note that if we multiply both sides of
the first equation by 3 and both sides of the second equation by —2, we are ready to eliminate
the

6 — 12y = 18
+ (—6zx+12y = -18)
0 = 0
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We eliminated not only the z, but the y as well and we are left with the identity 0 = 0. This
means that these two different linear equations are, in fact, equivalent. In other words, if an
ordered pair (x,y) satisfies the equation 2z — 4y = 6, it automatically satisfies the equation
3z — 6y = 9. One way to describe the solution set to this system is to use the roster method
and write {(z,y) |2z — 4y = 6}. While this is correct (and corresponds exactly to what’s
happening graphically, as we shall see shortly), we take this opportunity to introduce the
notion of a parametric solution to a system. Our first step is to solve 2z — 4y = 6 for one
of the variables, say y = %:c — % For each value of z, the formula y = %x — % determines
the corresponding y-value of a solution. Since we have no restriction on z, it is called a free
variable. We let = = t, a so-called ‘parameter’, and get y = %t — % Our set of solutions can
then be described as { (¢, 3t — 3) | — 0o < t < 0o }.? For specific values of ¢, we can generate
solutions. For example, ¢ = 0 gives us the solution (O, —%) ; t = 117 gives us (117,57),
and while we can readily check each of these particular solutions satisfy both equations, the
question is how do we check our general answer algebraically? Same as always. We claim
that for any real number ¢, the pair (¢, 3¢ — 3) satisfies both equations. Substituting = = ¢ and
Yy = %t—% into 2z —4y = 6 gives 2t —4 (%t — %) = 6. Simplifying, we get 2t —2t+6 = 6, which
is always true. Similarly, when we make these substitutions in the equation 3z — 6y = 9, we
get 3t — 6 (%t - %) = 9 which reduces to 3t — 3t + 9 = 9, so it checks out, too. Geometrically,
2z —4y = 6 and 3z — 6y = 9 are the same line, which means that they intersect at every point
on their graphs. The reader is encouraged to think about how our parametric solution says
exactly that.

-5 % 2c —4y =6
2w+%=% 3z —6y =9
(Same line.)

5. Multiplying both sides of the first equation by 2 and the both sides of the second equation
by —3, we set the stage to eliminate «

12z 46y = 18
+ (122 -6y = -36)
0 = -—18

“Note that we could have just as easily chosen to solve 2z — 4y = 6 for = to obtain z = 2y + 3. Letting y be the
parameter ¢, we have that for any value of ¢, x = 2t + 3, which gives {(2¢t + 3,t)| — oo < t < oo}. There is no one
correct way to parameterize the solution set, which is why it is always best to check your answer.
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As in the previous example, both = and y dropped out of the equation, but we are left with
an irrevocable contradiction, 0 = —18. This tells us that it is impossible to find a pair (z,y)
which satisfies both equations; in other words, the system has no solution. Graphically, the
lines 6z + 3y = 9 and 4z + 2y = 12 are distinct and parallel, so they do not intersect.

6. We can begin to solve our last system by adding the first two equations

zT—y 0
+ (r+y = 2)
2z 2

which gives x = 1. Substituting this into the first equation gives 1 — y = 0 so that y = 1. We
seem to have determined a solution to our system, (1,1). While this checks in the first two
equations, when we substitute z = 1 and y = 1 into the third equation, we get —2(1) + (1) =
—2 which simplifies to the contradiction —1 = —2. Graphing the linesz —y =0,z +y = 2,
and —2z + y = —2, we see that the first two lines do, in fact, intersect at (1, 1), however, all
three lines never intersect at the same point simultaneously, which is what is required if a
solution to the system is to be found.

e Al ’
ERANS /

6x+3y=29
4z + 2y = 12 y—xz=0
y+xz=2
—2x+y=-2

O]

A few remarks about Example 2.1.1 are in order. It is clear that some systems of equations have
solutions, and some do not. Those which have solutions are called consistent, those with no so-
lution are called inconsistent. We also distinguish the two different types of behavior among
consistent systems. Those which admit free variables are called dependent; those with no free
variables are called independent.®> Using this new vocabulary, we classify numbers 1, 2 and 3 in
Example 2.1.1 as consistent independent systems, number 4 is consistent dependent, and numbers
5 and 6 are inconsistent.* The system in 6 above is called overdetermined, since we have more

*In the case of systems of linear equations, regardless of the number of equations or variables, consistent indepen-
dent systems have exactly one solution. The reader is encouraged to think about why this is the case for linear equations
in two variables. Hint: think geometrically.

*The adjectives ‘dependent’ and ‘independent’ apply only to consistent systems — they describe the type of solutions.
Is there a free variable (dependent) or not (independent)?
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equations than variables.” Not surprisingly, a system with more variables than equations is called
underdetermined. While the system in number 6 above is overdetermined and inconsistent, there
exist overdetermined consistent systems (both dependent and independent) and we leave it to the
reader to think about what is happening algebraically and geometrically in these cases. Likewise,
there are both consistent and inconsistent underdetermined systems,6 but a consistent underde-
termined system of linear equations is necessarily dependent.”

In order to move this section beyond a review of Intermediate Algebra, we now define what is
meant by a linear equation in n variables.

Definition 2.2. A linear equation in n variables, z,, z,, ..., x,, is an equation of the form
1T, + Aoy + . ..+ apxy, = ¢ where a,, a,, . ..a, and c are real numbers and at least one of a,, a,,
..., Gy 1S NONZeEro.

Instead of using more familiar variables like z, y, and even z and/or w in Definition 2.2, we use
subscripts to distinguish the different variables. We have no idea how many variables may be
involved, so we use numbers to distinguish them instead of letters. (There is an endless supply of
distinct numbers.) As an example, the linear equation 3z, —x, = 4 represents the same relationship
between the variables z;, and z, as the equation 3z — y = 4 does between the variables x and y.
In addition, just as we cannot combine the terms in the expression 3z — y, we cannot combine the
terms in the expression 3z, — x,. Coupling more than one linear equation in n variables results in
a system of linear equations in n variables. When solving these systems, it becomes increasingly
important to keep track of what operations are performed to which equations and to develop a
strategy based on the kind of manipulations we’ve already employed. To this end, we first remind
ourselves of the maneuvers which can be applied to a system of linear equations that result in an
equivalent system.’

Theorem 2.1. Given a system of equations, the following moves will result in an equivalent
system of equations.

* Interchange the position of any two equations.
* Replace an equation with a nonzero multiple of itself.”

* Replace an equation with itself plus a nonzero multiple of another equation.

"That is, an equation which results from multiplying both sides of the equation by the same nonzero number.

We have seen plenty of instances of the second and third moves in Theorem 2.1 when we solved
the systems in Example 2.1.1. The first move, while it obviously admits an equivalent system,
seems silly. Our perception will change as we consider more equations and more variables in this,
and later sections.

°If we think if each variable being an unknown quantity, then ostensibly, to recover two unknown quantities, we
need two pieces of information - i.e., two equations. Having more than two equations suggests we have more informa-
tion than necessary to determine the values of the unknowns. While this is not necessarily the case, it does explain the
choice of terminology ‘overdetermined’.

®We need more than two variables to give an example of the latter.

7 Again, experience with systems with more variables helps to see this here, as does a solid course in Linear Algebra.

8That is, a system with the same solution set.
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Consider the system of equations

T — %y + %z =
— %z = 4
z = —1
Clearly z = —1, and we substitute this into the second equation y — %(—1) = 4 to obtain y = %
Finally, we substitute y = I and 2 = —1 into the first equation to get z — % (3) + 3(-1) = 1,

so that z = 5. The reader can verify that these values of z, y and =z satisfy all three original

equations. It is tempting for us to write the solution to this system by extending the usual (z, y)
notation to (z,y, z) and list our solution as (%, %, —1). The question quickly becomes what does
an ‘ordered triple” like (§, I, —1) represent? Just as ordered pairs are used to locate points on the
two-dimensional plane, ordered triples can be used to locate points in space. Moreover, just as
equations involving the variables x and y describe graphs of one-dimensional lines and curves
in the two-dimensional plane, equations involving variables z, y, and z describe objects called
surfaces in three-dimensional space. Each of the equations in the above system can be visualized
as a plane situated in three-space. Geometrically, the system is trying to find the intersection, or
common point, of all three planes. If you imagine three sheets of notebook paper each representing
a portion of these planes, you will start to see the complexities involved in how three such planes
can intersect. Below is a sketch of the three planes. It turns out that any two of these planes

intersect in a line,” so our intersection point is where all three of these lines meet.

Since the geometry for equations involving more than two variables is complicated, we will focus
our efforts on the algebra. Returning to the system

1 1 _
$—§y+§z =
1
~1; 4

z = —1

°In fact, these lines are described by the parametric solutions to the systems formed by taking any two of these
equations by themselves.
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we note the reason it was so easy to solve is that the third equation is solved for z, the second
equation involves only y and z, and since the coefficient of y is 1, it makes it easy to solve for y
using our known value for z. Lastly, the coefficient of  in the first equation is 1 making it easy to
substitute the known values of ¥ and z and then solve for z. We formalize this pattern below for
the most general systems of linear equations. Again, we use subscripted variables to describe the
general case. The variable with the smallest subscript in a given equation is typically called the
leading variable of that equation.

Definition 2.3. A system of linear equations with variables z,, z,, ...z, is said to be in trian-
gular form provided all of the following conditions hold:

1. The subscripts of the variables in each equation are always increasing from left to right.
2. The leading variable in each equation has coefficient 1.

3. The subscript on the leading variable in a given equation is greater than the subscript on
the leading variable in the equation above it.

4. Any equation without variables” cannot be placed above an equation with variables.

"necessarily an identity or contradiction

In our previous system, if we make the obvious choices = = z,, y = z,, and z = x;, we see that the
system is in triangular form.19 An example of a more complicated system in triangular form is

T, —4rs+xs—x5 = 6
To+2xs = 1

Ty +3xs—x5 = 8
s+ 92, = 10

Our goal henceforth will be to transform a given system of linear equations into triangular form
using the moves in Theorem 2.1.

Example 2.1.2. Use Theorem 2.1 to put the following systems into triangular form and then solve
the system if possible. Classify each system as consistent independent, consistent dependent, or
inconsistent.

3r—y+z = 3 20 +3y—z = 1 3, +x24+2, = 6
1. 20 —4y+ 3z = 16 2. 10—z = 2 3. 20, + Ty —x3 = 4
r—y+z = 5 dr—9y+2z = 5 Ty —3x3—2x, = 0

Solution.

1. For definitiveness, we label the topmost equation in the system E'1, the equation beneath that
E2, and so forth. We now attempt to put the system in triangular form using an algorithm
known as Gaussian Elimination. What this means is that, starting with =, we transform
the system so that conditions 2 and 3 in Definition 2.3 are satisfied. Then we move on to

10f letters are used instead of subscripted variables, Definition 2.3 can be suitably modified using alphabetical order
of the variables instead of numerical order on the subscripts of the variables.
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the next variable, in this case y, and repeat. Since the variables in all of the equations have
a consistent ordering from left to right, our first move is to get an x in E1’s spot with a
coefficient of 1. While there are many ways to do this, the easiest is to apply the first move
listed in Theorem 2.1 and interchange F'1 and E3.

(E1) 3r—y+z = 3 b . (E1) r—y+z = 5
(B2) 2z —dy+3z = 16 withElandBS, ) (poy 97 —dy+32 = 16
(E3) r—y+z = 5 (E3) 3r—y+z = 3

To satisfy Definition 2.3, we need to eliminate the z’s from E2 and E3. We accomplish this
by replacing each of them with a sum of themselves and a multiple of E1. To eliminate the
x from E£2, we need to multiply E1 by —2 then add; to eliminate the z from E'3, we need to
multiply E1 by —3 then add. Applying the third move listed in Theorem 2.1 twice, we get

Eg;; ) v ; y++3z - 12 Replace E2 with —2E1 + E2 Eg;; v _2y i s = 2
— — \ _ z —
v Y : Replace E3 with —3E1 + E3 Y o
(E3) 3x—y+z = 3 (E3) 2y—2z = -—12

Now we enforce the conditions stated in Definition 2.3 for the variable y. To that end we
need to get the coefficient of y in £'2 equal to 1. We apply the second move listed in Theorem

2.1 and replace E2 with itself times —%.

Eg;; v _2y i Z = 5 Replace E2 with —%EQ Eg;; =y —|—12’ o g
(E3) 20 —2z = —12 (E3) 20 — 2z = —12
To eliminate the y in £3, we add —2E?2 to it.
EFl) »—y+2z = 5 . El) z—y+2z = 5
EE2; y_ %z _ 3 Replace E3 with —2E2 + E3 EEQ; y_ %z _ _3
(E3) 20 —2z = —12 (E3) —z = —6

Finally, we apply the second move from Theorem 2.1 one last time and multiply E3 by —1
to satisfy the conditions of Definition 2.3 for the variable z.

El) a—y+2z = 5 | El) z-y+z = 5
EE’Q% y_ %z _ 3 Replace E3 with —1E3 EE2§ y_ %Z — _3
(E3) -z = —6 (E3) 2z = 6

Now we proceed to substitute. Plugging in z = 6 into 2 gives y — 3 = —3 so that y = 0.
Withy = 0 and z = 6, E1 becomes x — 0 + 6 = 5, or z = —1. Our solution is (—1,0,6).
We leave it to the reader to check that substituting the respective values for z, y, and z into
the original system results in three identities. Since we have found a solution, the system is
consistent; since there are no free variables, it is independent.
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2. Proceeding as we did in 1, our first step is to get an equation with x in the F'1 position with
1 as its coefficient. Since there is no easy fix, we multiply F1 by 3.

3 1, _ 1
Eg;; 2z +1(?))y - 9 Replace E1 with %El Eg;; T+ 51% T 2% T g
x—z = > x—z =
r—9y+2z = r—9y+2z =
E3) 4z —9y+2 5 E3) 4z —9y+2 5
Now it’s time to take care of the 2’s in £2 and E3.
(El) z+3y—1iz = 3 , (El) z+3y—3z = 3
1 h—
(EZ) 100 —» = 9 Replace E2 w1.t 10E1 + E2 (E2) 5y 44z = -3
(E3) dz —9y+22 = 5 Replace E3 with —4E1 + E3 (E3) 15y + 4z = 3
Our next step is to get the coefficient of y in £2 equal to 1. To that end, we have
El) z+3y—3z = 1 El) z+3y—32 = 3
( ) 2 2 2 Replace E2 with — %EQ ( ) 2 42 %
(E2) —15y+4z = =3 : (E2) Y—152 = =
(E3) —1by+4z = 3 (E3) —1by+4z = 3
Finally, we rid E'3 of y.
(B1) @+ %y— %Z - % Replace E3 with 15E2 + E3 (Bl) o-y+z = 5
eplace W1
(E2) y— iz = 1 P y { (E2) —1z = -3
(E3) —1by+4z 3 (E3) 0 = 6

The last equation, 0 = 6, is a contradiction so the system has no solution. According to
Theorem 2.1, since this system has no solutions, neither does the original, thus we have an
inconsistent system.

3. For our last system, we begin by multiplying E1 by £ to get a coefficient of 1 on ;.

1 1 —
(El) 32, + 2, + 7,4 Replace E1 with %El (El) Ty + 372 + 3ta = 2
(E2) 2z, 4+zy—23 = 4 (E2) 2z +my—xs = 4
(E3) Ty — 31‘3 - 2:1:4 == O (ES) Ty — 3./1/‘3 - 2374 = 0
Next we eliminate x, from E2
(E].) $1 + %xz + %x;; = 2 | (E].) J,‘l + %.’BQ + %$4 =
Re E2
with —2FE1 + E2
(E3) xy—3w3—2z, = (E3) wy—3z3—22, = 0
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We switch E2 and E3 to get a coefficient of 1 for x,.

(El) :1:1 + %£2 + %334 = 2 ) (El) fBl + %1‘2 + %354 =
(B2) 1oy —my— 22, = o MNE2dB b poy g, — 32, -2, =
(B3) x,—32z5—22, = 0 (E3) ixs—ms— 2z, =

Finally, we eliminate z, in E'3.

(E].) $1 + %332 + %$4 =

(E2) {,UQ - 3.’1?3 - 2%4 1
with -2 E2+ E
(E3) %xz — X3 — %174 = 0 ‘ b2t e (E3) 0 =20

[\]
—~
&
[y
~—

SUl + %"I;Q + %:I/‘4 = 2
Replace E3

I
—~

&

[\
~—

Ty — 3$3 - 2:1:4 -

Equation E3 reduces to 0 = 0,which is always true. Since we have no equations with =z,
or z, as leading variables, they are both free, which means we have a consistent dependent
system. We parametrize the solution set by letting x; = s and =, = ¢ and obtain from E2 that
xy = 3s + 2t. Substituting this and =, = t into £'1, we have x, + % (3s+2t) + %t = 2 which
gives ¥, = 2 — s — t. Our solution is the set {(2 — s — t,25 + 3t,5,t) | — 00 < s, < oo}.!! We
leave it to the reader to verify that the substitutions 1 =2 — s —t, x2 = 3s+ 2t, z3 = sand
x4 = t satisfy the equations in the original system. O

Like all algorithms, Gaussian Elimination has the advantage of always producing what we need,
but it can also be inefficient at times. For example, when solving 2 above, it is clear after we
eliminated the z’s in the second step to get the system

(B1) z+3y—3z = 3
(B2) —15y+4z = -3
(E3) —15y+4z = 3

that equations £2 and E3 when taken together form a contradiction since we have identical left
hand sides and different right hand sides. The algorithm takes two more steps to reach this contra-
diction. We also note that substitution in Gaussian Elimination is delayed until all the elimination
is done, thus it gets called back-substitution. This may also be inefficient in many cases. Rest
assured, the technique of substitution as you may have learned it in Intermediate Algebra will
once again take center stage in Section 2.7. Lastly, we note that the system in 3 above is underde-
termined, and as it is consistent, we have free variables in our answer. We close this section with
a standard ‘mixture’ type application of systems of linear equations.

Example 2.1.3. Lucas needs to create a 500 milliliters (mL) of a 40% acid solution. He has stock
solutions of 30% and 90% acid as well as all of the distilled water he wants. Set-up and solve a
system of linear equations which determines all of the possible combinations of the stock solutions
and water which would produce the required solution.

"Here, any choice of s and ¢ will determine a solution which is a point in 4-dimensional space. Yeah, we have trouble
visualizing that, too.
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Solution. We are after three unknowns, the amount (in mL) of the 30% stock solution (which
we'll call z), the amount (in mL) of the 90% stock solution (which we’ll call y) and the amount
(in mL) of water (which we’ll call w). We now need to determine some relationships between
these variables. Our goal is to produce 500 milliliters of a 40% acid solution. This product has
two defining characteristics. First, it must be 500 mL; second, it must be 40% acid. We take each
of these qualities in turn. First, the total volume of 500 mL must be the sum of the contributed
volumes of the two stock solutions and the water. That is

amount of 30% stock solution 4+ amount of 90% stock solution 4+ amount of water = 500 mL

Using our defined variables, this reduces to = 4+ y + w = 500. Next, we need to make sure the final
solution is 40% acid. Since water contains no acid, the acid will come from the stock solutions
only. We find 40% of 500 mL to be 200 mL which means the final solution must contain 200 mL of
acid. We have

amount of acid in 30% stock solution + amount of acid 90% stock solution = 200 mL

The amount of acid in « mL of 30% stock is 0.30x and the amount of acid in y mL of 90% solution
is 0.90y. We have 0.30x + 0.90y = 200. Converting to fractions,'? our system of equations becomes

z+y+w = 500
T+ 5y = 200

We first eliminate the = from the second equation

{(El) z+y+w = 500  Replace B2 with — 3 E1 + E2 {(El) ctyt+w = 500
(B2) Zz+ 3y = 200 (B2) 3y— 3w 50

Next, we get a coefficient of 1 on the leading variable in £2

(E1) z+y+w = 500 Replace E2with jE2 (Bl) z+y+w = 500

L Bl 2 ey T D B
Notice that we have no equation to determine w, and as such, w is free. We set w = t and from E2
gety = 3t + 2. Substituting into E1 gives z + (5t + 230) + ¢ = 500 so that z = —3¢ + 12%. This
system is con51stent, dependent and its solution set is {(—3 3t+ 1250 lt + 250 ) | —oo < t < 00}
While this answer checks algebraically, we have neglected to take mto account that z, y and w,
being amounts of acid and water, need to be nonnegative. That is, z > O y > 0and w > 0. The
constraint z > 0 gives us —5¢ + 120 > 0, or ¢ < 220 Fromy > 0, we get 3t + 22 > 0 ort > — 23,
The condition z > 0 yields t > 0 and we see that when we take the set theoretlc intersection of
these intervals, we get 0 < ¢ < 25%. Our final answer is {(—3¢ + 12350, it+ 250 ) j0<t< %}.
Of what practical use is our answer? Suppose there is only 100 mL of the 90% solution remaining
and it is due to expire Can we use all of it to make our required solution? We would have
= 100 so that 3¢ + 2% = 100, and we get ¢t = 3. This means the amount of 30% solution

requlred isx = 3t + 1250 —3 (18%) + 120 = U0 m[, and for the water, w = ¢ = 13° mL. The
reader is invited to check that mixing these three amounts of our constituent solutions produces
the required 40% acid mix. O

2We do this only because we believe students can use all of the practice with fractions they can get!
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(Review Exercises) In Exercises 1 - 8, take a trip down memory lane and solve the given system
using substitution and/or elimination. Classify each system as consistent independent, consistent
dependent, or inconsistent. Check your answers both algebraically and graphically.

1.

3.

5.

7.

|
{
{
{

r+2y =5

z = 6
42y — -5
37
gy = 1
20 -3z = 6
By—3sz = -3
-y o= 3

8.

{

20— 3z =
y = -
sT—5y = 3
iy = 1

r+4y =

1 1 —
T3y =

3

%er%y =

10

20
—3TT3Y =

|
wl~T

10

In Exercises 9 - 26, put each system of linear equations into triangular form and solve the system
if possible. Classify each system as consistent independent, consistent dependent, or inconsistent.

11.

13.

15.

19.

21.

oz +y = 17
r4+y = 5

dr—y+z =
2046z =
r+z =

3z —2y+z2 =
r+3y—z =
r+y+ 2z

r—y+z
—3x + 2y + 4z
T —oy+ 22

2t —y+z =
20 +2y — 2 =
3z +6y+4z =

T+Y+z =
20 —4y— 2z =
r—y =

10.

12.

14.

16.

18.

20.

22.

r+y+z
2r —y+=z
—3x+5y+ 7z

dr—y+z =
2046z =
rT+z =

Tz —2y+ 3z
=3z +y+ 2z
204+ 2y + 2

2 —y+ =z
4z + 3y + 5z
oy + 3z

20 — 4y + 2
T —2y+ 2z
—r+ 4y — 2z

x—3y —4z
3z +4y — 2
2x — 19y — 19z

r—y+z
3z + 3y — 9z
Tr — 2y + 5z

= 3
=0
7

5
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23.

25.

27.

28.

29.

30.

31.

32.

33.

34.

SYSTEMS OF EQUATIONS AND MATRICES

2v—3y+z = -1 ( 2%, 4+ xy— 122, — 2, = 16
dr —4y+42 = —13 o —r,+ x4+ 1205 — 42, = -5
6r—by+7z = -25 ’ 3z, + 2z, — 1623 — 3z, = 25

T, +2x, — 52, = 11
T, — T3 = —2 Ty — Ty — O3+ 32, = —1
20, —x, = 0 % T, + x5+ 523 — 3z, =
T, —2x,+25 = 0 ’ Ty + D3 — 31y = 1
X5+ T, = 1 \ 71 — 272, — 1025 + 62, = —1

Find two other forms of the parametric solution to Exercise 11 above by reorganizing the
equations so that x or y can be the free variable.

A local buffet charges $7.50 per person for the basic buffet and $9.25 for the deluxe buffet
(which includes crab legs.) If 27 diners went out to eat and the total bill was $227.00 before
taxes, how many chose the basic buffet and how many chose the deluxe buffet?

At The Old Home Fill’er Up and Keep on a-Truckin” Cafe, Mavis mixes two different types
of coffee beans to produce a house blend. The first type costs $3 per pound and the second
costs $8 per pound. How much of each type does Mavis use to make 50 pounds of a blend
which costs $6 per pound?

Skippy has a total of $10,000 to split between two investments. One account offers 3% simple
interest, and the other account offers 8% simple interest. For tax reasons, he can only earn
$500 in interest the entire year. How much money should Skippy invest in each account to
earn $500 in interest for the year?

A 10% salt solution is to be mixed with pure water to produce 75 gallons of a 3% salt solution.
How much of each are needed?

At The Crispy Critter’s Head Shop and Patchouli Emporium along with their dried up
weeds, sunflower seeds and astrological postcards they sell an herbal tea blend. By weight,
Type I herbal tea is 30% peppermint, 40% rose hips and 30% chamomile, Type II has percents
40%, 20% and 40%, respectively, and Type III has percents 35%, 30% and 35%, respectively.
How much of each Type of tea is needed to make 2 pounds of a new blend of tea that is equal
parts peppermint, rose hips and chamomile?

Discuss with your classmates how you would approach Exercise 32 above if they needed to
use up a pound of Type I tea to make room on the shelf for a new canister.

If you were to try to make 100 mL of a 60% acid solution using stock solutions at 20% and
40%, respectively, what would the triangular form of the resulting system look like? Explain.
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2.1.2 ANSWERS

1. Consistent independent
Solution (6, —3)

3. Consistent independent
Solution (_ 176’ _ Q72)

5. Consistent dependent
Solution (¢, 3t + 3)
for all real numbers ¢

7. Inconsistent
No solution

Because triangular form is not unique, we give only one possible answer to that part of the ques-
tion. Yours may be different and still be correct.

9.{x+y = 9

y = 7

5 7, _ 7
T—3Yy—3% = 73

z = 0

(o-fv+is = 3
11. y+3z = 15
0 = 0

o-tu+de =

12. y+3z = 15
0 = 1

r+y+z = —-17
13.{ -3z — 0
r—2y+3z = 7
14. ~ Uy = L8
z = 1

T+y+2z = 0

15. -3z = 6

2. Consistent independent
Solution (—%, —3)

4. Consistent independent
49 _25)

Solution ({5, —22

6. Consistent dependent
Solution (6 — 4t,t)
for all real numbers ¢

8. Inconsistent
No solution

Consistent independent
Solution (—2,7)

Consistent independent
Solution (1,2, 0)

Consistent dependent
Solution (—t + 5, —3t + 15,¢)
for all real numbers ¢

Inconsistent
No solution

Consistent dependent
Solution (—4t — 17, 3t, t)
for all real numbers ¢

Consistent independent

Solution (2,—-1,1)

Consistent independent
Solution (1, 3, —2)
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

—_—N— —— — —— —— —— —— ——

s-du+de = -
ytsz = 3
0 = 1
T—y+z = —4
y—"Tz = 17
z = =2
r—2y+2z = -2
y = %
z = 1
s-du+de = b
—%z =0
z = 1
r—3y—4z = 3
Y+ = 5
0 = 0
z+y+z = 4
1, _ 3
y+§Z = 3
0 =1
r—y+z = 8
y—2z = =5
z = 1
x—%y—l—%z = —%
y+z = —%
0 = 0
$1+%x2—1:,)—6x3—a:4
Ty +4rs — 32, =
0 =
0 =
Ty — X3 = —2
mQ—%.m = 0
$3_%x4 — 1
Ty — 4

T, — Ty — DX5 + 3T,
932 + 5{,53 - 3-/1:4

0
0

o o o Y&

O RN =
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Inconsistent
no solution

Consistent independent
Solution (1, 3, —2)

Consistent independent

Solution (—3

1

7571)

Consistent independent

Solution (3, 2

373

1)

Consistent dependent

Solution (%t + 5L

Inconsistent
no solution

13

11 4
—at+ 135t
for all real numbers ¢

Consistent independent
Solution (4, —3,1)

Consistent dependent

for all real numbers ¢

4

Solution (—2t — 22, —t — 4L ¢)

Consistent dependent

Solution (8s —t + 7, —4s + 3t + 2, s, t)

for all real numbers s and ¢

Consistent independent
Solution (1,2, 3,4)

Inconsistent
No solution
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27.

28.
29.
30.
31.
32.

If z is the free variable then the solution is (¢, 3t, —t + 5) and if y is the free variable then the
solution is (1t,t,—3t +5).

13 chose the basic buffet and 14 chose the deluxe buffet.

Mavis needs 20 pounds of $3 per pound coffee and 30 pounds of $8 per pound coffee.
Skippy needs to invest $6000 in the 3% account and $4000 in the 8% account.

22.5 gallons of the 10% solution and 52.5 gallons of pure water.

4 _ Ly vounds of Type I, 2 — 1t pounds of Type II and ¢ pounds of Type Il where 0 < ¢ < 2.
3 3P ypel, 3 —35tp yp P yp 3
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2.2 SYSTEMS OF LINEAR EQUATIONS: AUGMENTED MATRICES

In Section 2.1 we introduced Gaussian Elimination as a means of transforming a system of linear
equations into triangular form with the ultimate goal of producing an equivalent system of linear
equations which is easier to solve. If we take a step back and study the process, we see that all
of our moves are determined entirely by the coefficients of the variables involved, and not the
variables themselves. Just as we developed synthetic division to streamline that process, in this
section, we introduce a similar bookkeeping device to help us solve systems of linear equations. To
that end, we define a matrix as a rectangular array of real numbers. We typically enclose matrices
with square brackets, ‘" and ‘]’, and we size matrices by the number of rows and columns they
have. For example, the size (sometimes called the dimension) of

3 0 -1
[ 2 —5 10 }
is 2 x 3 because it has 2 rows and 3 columns. The individual numbers in a matrix are called its
entries and are usually labeled with double subscripts: the first tells which row the element is in
and the second tells which column it is in. The rows are numbered from top to bottom and the
columns are numbered from left to right. Matrices themselves are usually denoted by uppercase

letters (A, B, C, etc.) while their entries are usually denoted by the corresponding letter. So, for
instance, if we have

30 -1
A_[Q -5 10]

thena;, = 3, a1, =0, a13 = —1, ay; = 2, ayy, = —5, and a,; = 10. We shall explore matrices as
mathematical objects with their own algebra in Section 2.3 and introduce them here solely as a
bookkeeping device. Consider the system of linear equations from number 2 in Example 2.1.2

(E1) 22+43y—z = 1
(E2) 10z — 2z =
(E3) 4z —-9y+2z = 5

We encode this system into a matrix by assigning each equation to a corresponding row. Within
that row, each variable and the constant gets its own column, and to separate the variables on the
left hand side of the equation from the constants on the right hand side, we use a vertical bar, |.
Note that in E2, since y is not present, we record its coefficient as 0. The matrix associated with
this system is

T y z C
(El)— [ 2 3 —1]1
(B2)— |10 0 —1]2
(B3)— | 4 -9 2|5

This matrix is called an augmented matrix because the column containing the constants is ap-
pended to the matrix containing the coefficients.! To solve this system, we can use the same kind

'We shall study the coefficient and constant matrices separately in Section 2.3.
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operations on the rows of the matrix that we performed on the equations of the system. More
specifically, we have the following analog of Theorem 2.1 below.

Theorem 2.2. Row Operations: Given an augmented matrix for a system of linear equations,
the following row operations produce an augmented matrix which corresponds to an equiva-
lent system of linear equations.

¢ Interchange any two rows.
* Replace a row with a nonzero multiple of itself.”

* Replace a row with itself plus a nonzero multiple of another row.”

"That is, the row obtained by multiplying each entry in the row by the same nonzero number.
"Where we add entries in corresponding columns.

As a demonstration of the moves in Theorem 2.2, we revisit some of the steps that were used in
solving the systems of linear equations in Example 2.1.2 of Section 2.1. The reader is encouraged
to perform the indicated operations on the rows of the augmented matrix to see that the machina-
tions are identical to what is done to the coefficients of the variables in the equations. We first see
a demonstration of switching two rows using the first step of part 1 in Example 2.1.2.

(E1) 3r—y+z = 3 Switch Bl and (E1) rT—y+z = 5
(F2) 22 —dy+3z = 16 W PladBs, ) (poy 9y —4y+32 = 16
(E3) r—y+z = 5 (E3) 3z—y+z = 3

Switch R1 and R3

Next, we have a demonstration of replacing a row with a nonzero multiple of itself using the first
step of part 3 in Example 2.1.2.

1 1
(El) 3T, + Tz + 24 Replace E1 with %El (El) Ty + 32 + 3Ta = 2
(E2) 2z, 4+zy—23 = 4 (E2) 204+ a,—23 = 4
(EB) Ty — 3373 - 2:[/‘4 - 0 (ES) Ty — 31;3 - 2.’1:4 = 0

1 1

3 1 0 116 Replace R1 with éRl 3 0 3 2

2 1 -1 0]4 1 -1 04

0 1 -3 =210 0 1 -3 =210

Finally, we have an example of replacing a row with itself plus a multiple of another row using
the second step from part 2 in Example 2.1.2.

(BEl) z+3y—3z =
(E2) 10z — 2z =
(E3) 4z —-9y+2z =

(E1) z+3y—3z =
E2) —1by+4z = —
(B3) —15y+4z =

Replace E2 with —10E1 + E2

Ut NN
L NI

Replace E3 with —4F1 + E3
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1 3 _11 3 1] 1

2 2|2 Replace R2 with —10R1 + R2 2 2 2
10 0 —1|2 cpace Tk - 0 —15 4|-3
4 —9 2105 Replace R3 with —4R1 + R3 0 —15 4 3

The matrix equivalent of ‘triangular form” is row echelon form. The reader is encouraged to
refer to Definition 2.3 for comparison. Note that the analog of ‘leading variable” of an equation
is ‘leading entry” of a row. Specifically, the first nonzero entry (if it exists) in a row is called the
leading entry of that row.

Definition 2.4. A matrix is said to be in row echelon form provided all of the following condi-
tions hold:

1. The first nonzero entry in each row is 1.

2. The leading 1 of a given row must be to the right of the leading 1 of the row above it.

3. Any row of all zeros cannot be placed above a row with nonzero entries.

To solve a system of a linear equations using an augmented matrix, we encode the system into an
augmented matrix and apply Gaussian Elimination to the rows to get the matrix into row-echelon
form. We then decode the matrix and back substitute. The next example illustrates this nicely.

Example 2.2.1. Use an augmented matrix to transform the following system of linear equations
into triangular form. Solve the system.

dJr—y+z = 8
r+2y—z = 4
2z + 3y — 4z 10

Solution. We first encode the system into an augmented matrix.

3r—y+z = 8 . . 3 -1 1] 8
T+ 2y . = 4 Encode into the matrix 1 9 _1 4
20 +3y—4z = 10 2 3 —4110

Thinking back to Gaussian Elimination at an equations level, our first order of business is to get =
in E'1 with a coefficient of 1. At the matrix level, this means getting a leading 1 in R1. This is in
accordance with the first criteria in Definition 2.4. To that end, we interchange R1 and R2.

3 -1 1] 8 . 1 2 —1| 4
1 9 _1 4 Switch R1 and R2 3 _1 1 8
2 3 —4110 2 3 —4110

Our next step is to eliminate the z’s from £2 and E3. From a matrix standpoint, this means we
need 0’s below the leading 1 in R1. This guarantees the leading 1 in R2 will be to the right of the
leading 1 in R1 in accordance with the second requirement of Definition 2.4.

L2 -1)4 Replace R2 with —3R1 + R2 A
3 -1 1| 8 e 0 -7 4|-4
9 3 —4/10 Replace R3 with —2R1 4 R3 0 -1 -2 9
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Now we repeat the above process for the variable y which means we need to get the leading entry
in R2 tobe 1.

1 2 1| 4 , 1 2 114
0 _7 4l 4 Replace R2 with —%RQ 0 1 _4% %
0 -1 -2| 2 0 -1 2|2

To guarantee the leading 1 in R3 is to the right of the leading 1 in R2, we get a 0 in the second
column of R3.

1 2 —-1]4 , 2 —-1] 4
0 1 _4|4 Replace R3 with R2 + R3 1 4 4
5|5 1§ | 18
0 -1 -2|2 0 o0 -¥|18
Finally, we get the leading entry in R3 to be 1.
1 2 1] 4 _
4 4 Replace R3 with — %RZ& 1 2 i f
0 1 =77 0 1 =71 7
0o 0 — % L78 0 0 1] -1
Decoding from the matrix gives a system in triangular form
1 2 -1 4 . rT+2y—2z = 4
0 1 — % % Decode from the matrix _ %Z _ %
0O 0 1|-1 z = -1

Wegetz=-1,y=224+2=2(-1)+2=0andz=—2y+2+4=-2(0)+(-1)+4=3fora
final answer of (3,0, —1). We leave it to the reader to check. O

As part of Gaussian Elimination, we used row operations to obtain 0’s beneath each leading 1 to
put the matrix into row echelon form. If we also require that 0’s are the only numbers above a
leading 1, we have what is known as the reduced row echelon form of the matrix.

Definition 2.5. A matrix is said to be in reduced row echelon form provided both of the fol-
lowing conditions hold:

1. The matrix is in row echelon form.

2. The leading 1s are the only nonzero entry in their respective columns.

Of what significance is the reduced row echelon form of a matrix? To illustrate, let’s take the row
echelon form from Example 2.2.1 and perform the necessary steps to put into reduced row echelon
form. We start by using the leading 1 in R3 to zero out the numbers in the rows above it.

12 -1 4 Replace R1 with B3 + R1 1203
eplace W1

0 1 —%| 4 P S 01 0] 0

0 0 11 =1 Replace R2 with = R3 + R2 00 1]-1

Finally, we take care of the 2 in R1 above the leading 1 in R2.
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0 0 3
1 01 O
0 1]-1

Replace R1 with —2R2 4+ R1

1 20
010
0 01

S O =

-1

To our surprise and delight, when we decode this matrix, we obtain the solution instantly without
having to deal with any back-substitution at all.

1 00| 3 R z = 3
01 0 0 Decode from the matrix _ 0
0 0 1]-1 z = —1

Note that in the previous discussion, we could have started with R2 and used it to get a zero above
its leading 1 and then done the same for the leading 1 in R3. By starting with R3, however, we
get more zeros first, and the more zeros there are, the faster the remaining calculations will be2 Tt
is also worth noting that while a matrix has several® row echelon forms, it has only one reduced
row echelon form. The process by which we have put a matrix into reduced row echelon form is
called Gauss-Jordan Elimination.

Example 2.2.2. Solve the following system using an augmented matrix. Use Gauss-Jordan Elimi-
nation to put the augmented matrix into reduced row echelon form.

:EQ - 31‘1 + ‘/L‘4 — 2
20, +4x; = 5
4:[:2 — Ty — 3

Solution. We first encode the system into a matrix. (Pay attention to the subscripts!)

r=dwba, = 20 3 1 0 1]2
2$1 + 4.133 - 5 ncode into the matrix 2 0 4 0ls5
dry —x4y = 3 0 4 0 -1/|3
Next, we get a leading 1 in the first column of R1.
1 1 2
=3 1 0 112 Replace R1 with —%Rl 1 e 0 3173
2 0 4 0]5 2 0 4 0] 5
0 4 0 -11|3 o 4 0 -1 3
Now we eliminate the nonzero entry below our leading 1.
1 -+ o -1]-2 _ 1 -+ 0 —-3|-2
9 E’) 4 % % Replace R2 with —2R1 + R2 0 % 4 % %
o 4 0 -1} 3 0 4 0 —-1| 3

We proceed to get a leading 1 in R2.

*Carl also finds starting with R3 to be more symmetric, in a purely poetic way.
3infinite, in fact
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1 1 1] _2 1 1 1] _2
% 0 % 13 Replace R2 with %RZ 3 0 3 13
0 3 4 3| F 0 1 6 1| 5
0 4 0 -1 3 0 4 0 -1 3
We now zero out the entry below the leading 1 in R2.
1 -1 0 1 2 1 0 1)y _2
3 3 3 g . 3 3 3
0 1 6 1 129 Replace R3 with —4R2 + R3 0 1 6 1 %
0 4 0 -1 3 0 0 —24 —-5]-35
Next, it’s time for a leading 1 in R3.
1 -1 0o —1] -2 1 -1 0 —1|_-2
3 3 3 . 3 3 3
0 1 6 1 % Replace R3 with 72—14R3 0 1 6 1 1279
5 | 35
0 0 —24 —5|-35 0 0 1 | 5

The matrix is now in row echelon form. To get the reduced row echelon form, we start with the
last leading 1 we produced and work to get 0’s above it.

2

1 -1 0o —1|_-2 1 -1 0o —1]| -2
3 3 3 . 3 3 3
0 1 6 1 % Replace R2 with —6R3 + R2 0 1 0 — i %
5 | 35 5 | 35
0 0 1 5| 57 0 0 1 53| 51
Lastly, we get a 0 above the leading 1 of R2.
1 -1 o —1|_2 0 0 -5 5
3 ? g Replace R1 with %R2 + R1 1% 1%
C o 1 A a R
0 0 1 5| 57 0 0 1 21 o1
At last, we decode to get
1 0 0 -3]-3 g By - _5
0 1 0 1% 1% Decode from the matrix ' 1% ! . 1%
1 1 Lo = 3% = 4
5 35 5 _ 35
We have that z, is free and we assign it the parameter t. We obtain z; = —%t + %, Ty = it + %,
and 2, = 5t — 2. Oursolutionis { (3t — 3,4t + 3, -2t + 22 1) : —0co <t < 0o} and leave it to
the reader to check. O

Like all good algorithms, putting a matrix in row echelon or reduced row echelon form can easily

be programmed into a calculator, and, doubtless, your graphing calculator has such a feature. We
use this in our next example.

Example 2.2.3. Find the quadratic function passing through the points (—1, 3), (2,4), (5, —2).

Solution. By definition, a quadratic function has the form f(z) = az? + bx + ¢ where a # 0. Our
goal is to find ¢, b and c so that the three given points are on the graph of f. If (—1, 3) is on the
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graph of f, then f(—1) = 3, or a(—1)? + b(—1) + ¢ = 3 which reduces to a — b + ¢ = 3, an honest-
to-goodness linear equation with the variables a, b and c. Since the point (2, 4) is also on the graph
of f, then f(2) = 4 which gives us the equation 4a + 2b + ¢ = 4. Lastly, the point (5, —2) is on the
graph of f gives us 25a + 5b + ¢ = —2. Putting these together, we obtain a system of three linear
equations. Encoding this into an augmented matrix produces

a—b+c = 3 1 -1 1| 3

da+2b+c = 4 Encode into the matrix 4 9 1 4

25a+5b+c = -2 25 5 1] -2
Using a calculator,* we find a = —1—78, b=1landc= %. Hence, the one and only quadratic which
fits the bill is f(z) = —%a? + Ba + 2. To verify this analytically, we see that f(—1) = 3, f(2) = 4,
and f(5) = —2. We can use the calculator to check our solution as well by plotting the three data

points and the function f.

-
[

i

A

The graph of f(z) = —&a? + 2z + 2L
with the points (—1,3), (2,4) and (5, —2)

*We've tortured you enough already with fractions in this exposition!
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2.2.1 EXERCISES
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In Exercises 1 - 6, state whether the given matrix is in reduced row echelon form, row echelon
form only or in neither of those forms.

oS O O
= o O

1
0
0

S = O

3 -1
2. 12 —4
1 -1
(10 4
5101 3
[0 0 0

—_

1

3
6
0

1
3. 10
|0
[ 1
6._0

O =

—_

In Exercises 7 - 12, the following matrices are in reduced row echelon form. Determine the solution
of the corresponding system of linear equations or state that the system is inconsistent.

10.

1 0] =2
0 1] 7
1 00 3]0
01 2 6|0
000 O0f1

10 0
8. 10 10
00 1
10
0 1
(U
0 0

-3
20
19

-8
4
0
0

1

0
0

[ 1

9. | 0

0

7 (1

2 12. | 0

0 0
0

o = O

0 3| 4
0 6| —6
1 0| 2
0 9|3
1 —41] 20
0O o0 O

In Exercises 13 - 26, solve the following systems of linear equations using the techniques discussed
in this section. Compare and contrast these techniques with those you used to solve the systems
in the Exercises in Section 2.1.

15.

19.

21.

-5z +y
Tty

dr —y+ 2
2y + 62
r+z

3xr —2y+ 2z
x4+ 3y —=z
T +y+ 2z

r—y+z
=3z 4+ 2y + 4z
r — 5y + 2z

20 —y+ 2
20 4+ 2y — 2
3z + 6y + 4z

14.
5
30 16.
5
-5
12 18.
0
= -4
= =5 20.
= —18
=1
1 22.

rT+y+=z
2r—y+=z
—3x+ 5y + 72

r—2y+ 3z
=3z +y+2z
2042y + z

20 —y+ 2z
4z 4 3y + 5z
o5y + 3z

20 — 4y + 2
T —2y+ 22
—x+4y — 2z

r— 3y —4z
3z +4y — =z
2¢ — 19y — 192
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23.

25.

27.

28.

29.
30.

31.

32.

33.

SYSTEMS OF EQUATIONS AND MATRICES

x+y+z = 4 r—y+z = 8
2 —4dy — 2z = -1 24. 3r+3y—9z2 = —6
r—y = 2 Tr—2y+5z = 39

20 —-3y+z2 = -1 T, — Ty = —2
dr —4y+4z = —13 2% 20, —x, = 0
6r—by+7z = —-25 ’ T, —2x, 4+ x5 = 0
x5+ x, = 1

It’s time for another meal at our local buffet. This time, 22 diners (5 of whom were children)
feasted for $162.25, before taxes. If the kids buffet is $4.50, the basic buffet is $7.50, and the
deluxe buffet (with crab legs) is $9.25, find out how many diners chose the deluxe buffet.

Carl wants to make a party mix consisting of almonds (which cost $7 per pound), cashews
(which cost $5 per pound), and peanuts (which cost $2 per pound.) If he wants to make a 10
pound mix with a budget of $35, what are the possible combinations almonds, cashews, and
peanuts? (You may find it helpful to review Example 2.1.3 in Section 2.1.)

Find the quadratic function passing through the points (-2, 1), (1,4), (3, —2)

At 9 PM, the temperature was 60°F; at midnight, the temperature was 50°F; and at 6 AM, the
temperature was 70°F . Use the technique in Example 2.2.3 to fit a quadratic function to these
data with the temperature, 7, measured in degrees Fahrenheit, as the dependent variable,
and the number of hours after 9 PM, ¢, measured in hours, as the independent variable.
What was the coldest temperature of the night? When did it occur?

The price for admission into the Stitz-Zeager Sasquatch Museum and Research Station is $15
for adults and $8 for kids 13 years old and younger. When the Zahlenreich family visits the
museum their bill is $38 and when the Nullsatz family visits their bill is $39. One day both
families went together and took an adult babysitter along to watch the kids and the total
admission charge was $92. Later that summer, the adults from both families went without
the kids and the bill was $45. Is that enough information to determine how many adults
and children are in each family? If not, state whether the resulting system is inconsistent or
consistent dependent. In the latter case, give at least two plausible solutions.

Use the technique in Example 2.2.3 to find the line between the points (—3,4) and (6, 1).
How does your answer compare to the slope-intercept form of the line?

With the help of your classmates, find at least two different row echelon forms for the matrix

1 213
4 128
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2.2.2 ANSWERS
1. Reduced row echelon form
3. Row echelon form only
5. Reduced row echelon form
7. (=2,7)

9. (—3t+4,—6t —6,2,1)
for all real numbers ¢

11. (8s —t+7,—4s+ 3t + 2, s,1)
for all real numbers s and ¢

13. (=2,7)

15. (=t +5, =3t + 15,1)
for all real numbers ¢

17. (1,3,-2)
19. (1,3,-2)
21 (.3.1)

23. Inconsistent

25. (=2t — 3, ¢t — 14

for all real numbers ¢

27. This time, 7 diners chose the deluxe buffet.

10.

12.

14.

16.

18.

20.

22.

24.

26.

. Neither

Reduced row echelon form
Row echelon form only
(—3,20,19)

Inconsistent

(=9t — 3,4t + 20,t)

for all real numbers ¢
(1,2,0)

(2,—-1,1)

Inconsistent

(=3,3:1)

19 51 11 4
(13t + 3, — 13t + 130 1)
for all real numbers ¢

(4,-3,1)

(17 27 37 4)

28. If t represents the amount (in pounds) of peanuts, then we need 1.5¢ —7.5 pounds of almonds
and 17.5— 2.5t pounds of cashews. Since we can’t have a negative amount of nuts, 5 <t < 7.

29. f(z)=—222+ia+ 2

30. T(t) = 22t — 3¢ + 60. Lowest temperature of the evening 22 ~ 49.58°F at 12:45 AM.
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31. Let z, and z, be the numbers of adults and children, respectively, in the Zahlenreich family
and let z; and x, be the numbers of adults and children, respectively, in the Nullsatz family.
The system of equations determined by the given information is

15z, + 8z, = 38

15254+ 8z, = 39

152, + 8xy + 1525 +8x, = 77
15z, + 1525, = 45

We subtracted the cost of the babysitter in E3 so the constant is 77, not 92. This system is
consistent dependent and its solution is (¢ + 2, —t + 4, — %t + 13 ¢). Our variables repre-
sent numbers of adults and children so they must be whole numbers. Running through the
values ¢t = 0, 1,2, 3,4 yields only one solution where all four variables are whole numbers;
t =3 gives us (2,1, 1,3). Thus there are 2 adults and 1 child in the Zahlenreichs and 1 adult
and 3 kids in the Nullsatzs.
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2.3 MATRIX ARITHMETIC

In Section 2.2, we used a special class of matrices, the augmented matrices, to assist us in solving
systems of linear equations. In this section, we study matrices as mathematical objects of their own
accord, temporarily divorced from systems of linear equations. To do so conveniently requires
some more notation. When we write A = [a;j], .. ,,, we mean A is an m by n matrix! and a;j is the
entry found in the ith row and jth column. Schematically, we have

7 counts columns

from left to right
Q11 Qi - Qg
4 = Q21 Gz -+ Qop i counts rows
from top to bottom
m1 Amz2 - Gmn

With this new notation we can define what it means for two matrices to be equal.

Definition 2.6. Matrix Equality: Two matrices are said to be equal if they are the same size and
their corresponding entries are equal. More specifically, if A = [a;;] and B = [b;] we
write A = B provided

mxn pxr’/

1. n=pandn=r

2. a5 ="bjforalll <i<mandalll <j<n.

Essentially, two matrices are equal if they are the same size and they have the same numbers in
the same spots.? For example, the two 2 x 3 matrices below are, despite appearances, equal.

0 -2 9] [ W) -8 e21n(®)
25 117 =3 | | 125%/% 32.13 log(0.001)

Now that we have an agreed upon understanding of what it means for two matrices to equal each
other, we may begin defining arithmetic operations on matrices. Our first operation is addition.

Definition 2.7. Matrix Addition: Given two matrices of the same size, the matrix obtained by
adding the corresponding entries of the two matrices is called the sum of the two matrices.

More specifically, if A = [a;;], .. ,, and B = [b;], ..., we define
A+ B = [aijl i, + il n = (035 + bisl i
As an example, consider the sum below.
2 3 -1 4 2+ (-1) 3+4 17
4 -1 |4+] =5 =3 |=]44(=5) (-1)+(=3) | =] -1 —4
0 -7 8 1 0+8 (=7)+1 8 —6

IRecall that means A has m rows and n columns.
2Critics may well ask: Why not leave it at that? Why the need for all the notation in Definition 2.6? It is the authors’
attempt to expose you to the wonderful world of mathematical precision.
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It is worth the reader’s time to think what would have happened had we reversed the order of the
summands above. As we would expect, we arrive at the same answer. In general, A+ B =B+ A
for matrices A and B, provided they are the same size so that the sum is defined in the first place.
This is the commutative property of matrix addition. To see why this is true in general, we appeal
to the definition of matrix addition. Given A = [a;;] and B = [b;;]

A+ B = [ay]

mxn mxn’

mxn T il msen = @05 + bijlo s = [0 + @islen = Bijlinsn + [@islnn = B+ A

where the second equality is the definition of A + B, the third equality holds by the commutative
law of real number addition, and the fourth equality is the definition of B + A. In other words,
matrix addition is commutative because real number addition is. A similar argument shows the
associative property of matrix addition also holds, inherited in turn from the associative law of
real number addition. Specifically, for matrices A, B, and C of the same size, (A + B) + C =
A+ (B+C). In other words, when adding more than two matrices, it doesn’t matter how they are
grouped. This means that we can write A + B + C without parentheses and there is no ambiguity
as to what this means.® These properties and more are summarized in the following theorem.

Theorem 2.3. Properties of Matrix Addition
¢ Commutative Property: For all m x n matrices, A+ B =B + A
* Associative Property: For all m x n matrices, (A+ B)+C = A+ (B+C)

¢ Identity Property: If 0,,«,, is the m x n matrix whose entries are all 0, then 0,,,, is called
the m X n additive identity and for all m x n matrices A

A+Om><n:0m><n+A:A

¢ Inverse Property: For every given m x n matrix A4, there is a unique matrix denoted — A
called the additive inverse of A such that

A+ (-4)=(-A) + A= 0mxn

The identity property is easily verified by resorting to the definition of matrix addition; just as the
number 0 is the additive identity for real numbers, the matrix comprised of all 0’s does the same
job for matrices. To establish the inverse property, given a matrix A = [a;;],,..,,, we are looking
for a matrix B = [b;],,..,, 50 that A + B = 0y,x,. By the definition of matrix addition, we must
have that a;; + b;; = 0 for all < and j. Solving, we get b;; = —a;;. Hence, given a matrix A,
its additive inverse, which we call —A, does exist and is unique and, moreover, is given by the
formula: —A = [—aj], .. The long and short of this is: to get the additive inverse of a matrix,
take additive inverses of each of its entries. With the concept of additive inverse well in hand, we
may now discuss what is meant by subtracting matrices. You may remember from arithmetic that
a — b= a+ (—b); that is, subtraction is defined as ‘adding the opposite (inverse).” We extend this
concept to matrices. For two matrices A and B of the same size, we define A — B = A + (—B). At
the level of entries, this amounts to

A= B=A+(-B) = ay],un T [0ijln = [@ij + (=bij)],n = [@i5 = il

3A technical detail which is sadly lost on most readers.
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Thus to subtract two matrices of equal size, we subtract their corresponding entries. Surprised?

Our next task is to define what it means to multiply a matrix by a real number. Thinking back to
arithmetic, you may recall that multiplication, at least by a natural number, can be thought of as
‘rapid addition.” For example, 2 + 2 + 2 = 3 - 2. We know from algebra* that 3z = z + = + z, so it

seems natural that given a matrix A, we define 34 = A+ A+ A. If A = [a;4], .., we have

3A=A+ A+ A= aijlun T 0] T (il = @i + aij + aijl,, 0 = 8], 00

In other words, multiplying the matrix in this fashion by 3 is the same as multiplying each entry by
3. This leads us to the following definition.

Definition 2.8. Scalar’ Multiplication: We define the product of a real number and a matrix to
be the matrix obtained by multiplying each of its entries by said real number. More specifically,

if k is a real number and A = [a;;], .., we define

kA =k aijl,, ., = [Kaijl

"The word ‘scalar” here refers to real numbers. ‘Scalar multiplication’ in this context means we are multiplying a
matrix by a real number (a scalar).

One may well wonder why the word ‘scalar” is used for ‘real number.” It has everything to do
with “scaling’ factors. A point P(x,y) in the plane can be represented by its position matrix, P:

@ or=|"]

Suppose we take the point (—2, 1) and multiply its position matrix by 3. We have

=271 [3=21 -6
r=a =[50 -5
which corresponds to the point (—6, 3). We can imagine taking (—2, 1) to (—6, 3) in this fashion as

a dilation by a factor of 3 in both the horizontal and vertical directions. Doing this to all points
(x,y) in the plane, therefore, has the effect of magnifying (scaling) the plane by a factor of 3.

*The Distributive Property, in particular.
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As did matrix addition, scalar multiplication inherits many properties from real number arith-
metic. Below we summarize these properties.

Theorem 2.4. Properties of Scalar Multiplication

* Associative Property: For every m x n matrix A and scalars k and r, (kr)A = k(rA).

Identity Property: For all m x n matrices A, 14 = A.
e Additive Inverse Property: For all m x n matrices A, —A = (—1)A.

¢ Distributive Property of Scalar Multiplication over Scalar Addition: For every m x n
matrix A and scalars k£ and r,
(k+r)A=kA+7TA

¢ Distributive Property of Scalar Multiplication over Matrix Addition: For all m x n ma-
trices A and B scalars &,
k(A+B)=kA+ kB

® Zero Product Property: If A is an m x n matrix and & is a scalar, then

kA =0px, ifandonlyif k=0 or A=O0,xn

As with the other results in this section, Theorem 2.4 can be proved using the definitions of scalar
multiplication and matrix addition. For example, to prove that k(A 4+ B) = kA + kB for a scalar k&
and m x n matrices A and B, we start by adding A and B, then multiplying by k and seeing how
that compares with the sum of kA and £B.

k(A + B) =k ([aij] i + D] sn) = Elais + biglo sy = [k (aij +0ig)], s = [Raij + kbil,
As for kA + kB, we have
kA+ kB =klaijl,, ., + F bijl s, = [Kis]n + Kbig, s, = [kaij + kbl

which establishes the property. The remaining properties are left to the reader. The properties in
Theorems 2.3 and 2.4 establish an algebraic system that lets us treat matrices and scalars more or
less as we would real numbers and variables, as the next example illustrates.

. 2 -1 —4 2 1 9 12
Example 2.3.1. Solve for the matrix A: 34 — <[ 3 5 ] —|—5A> = [ 6 _2 } + 3 [ _3 39 ]

using the definitions and properties of matrix arithmetic.
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Solution.
2 -1 —4 2] 1 9 12
3‘4_([3 5]+5A> 6—2_+3[—3 39}
2 -1 4 2] (3) 9 (3)(12)
e (5 s lee) - [ 2] [0 B
2 -1 -4 2 3 4
sa+ (-0 (|5 5] +0a) i R B
3A+{(—1)[§ _é]+(—1)(5A)} _é 1(15
3A+ ( 1)[3 _Hﬂ—l)(m) _; 1?_
(=1)(2) (=D(=1) _ —1 6]
e[ O e oo = [T
3A+{:§ _H+(—5)A _; 1(15
3A+(—5)A+[:§ _H _; 1?
2 1 -2 1 -1 6 -2 1
S G T R T R )
-1 6 -2 1
(=2)A+ 025 5 11 | [3 5]
—1—(-2) 6—1
o T
(-2)4 513 12’]
COIC NI
1y ()0 ()6
(DA = (D (—%)(16>]
[ 1 5
1A _i _123]
:_l _3
A 2 2
EE
The reader is encouraged to check our answer in the original equation. O

While the solution to the previous example is written in excruciating detail, in practice many of the
steps above are omitted. We have spelled out each step in this example to encourage the reader
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to justify each step using the definitions and properties we have established thus far for matrix
arithmetic. The reader is encouraged to solve the equation in Example 2.3.1 as they would any
other linear equation, for example: 3a — (2 4 5a) = —4 + £(9).

We now turn our attention to matrix multiplication - that is, multiplying a matrix by another
matrix. Based on the ‘no surprises’ trend so far in the section, you may expect that in order to
multiply two matrices, they must be of the same size and you find the product by multiplying
the corresponding entries. While this kind of product is used in other areas of mathematics,” we
define matrix multiplication to serve us in solving systems of linear equations. To that end, we
begin by defining the product of a row and a column. We motivate the general definition with an
example. Consider the two matrices A and B below.

3.1 2 -8
A—[_lg g_é} B=|4 8 -5 9
5 0 -2 —12

Let R1 denote the first row of A and C1 denote the first column of B. To find the “product” of R1
with C'1, denoted R1-C1, we first find the product of the first entry in R1 and the first entry in C'1.
Next, we add to that the product of the second entry in R1 and the second entry in C'1. Finally, we
take that sum and we add to that the product of the last entry in R1 and the last entry in C'1. Using
entry notation, R1 - C'1 = a,,by; + G12bs1 + a1sbs; = (2)(3) + (0)(4) + (=1)(5) =6+ 0+ (=5) = 1.
We can visualize this schematically as follows

4 8 -5 9

[2 0 —1
5 0 —2 —12

3 1 2 -8
—1035}

3 - 3
2 [0] -1 2 0 4
5
@y1b1y + 1202, + 1303,
(2)(3) + (0)(4) + (=1)(5)

Q1

To find R2 - C3 where R2 denotes the second row of A and C3 denotes the third column of B, we
proceed similarly. We start with finding the product of the first entry of R2 with the first entry in
('3 then add to it the product of the second entry in R2 with the second entry in ('3, and so forth.
Using entry notation, we have R2 - C3 = a,,b15 + asbo3 + 3053 = (—10)(2) + (3)(—=5) + (5)(—2) =
—45. Schematically,

s o _11[3 1 2 -8
10 3 5|2 %2 9
5 0 -2 —12

5See this article on the


http://en.wikipedia.org/wiki/Matrix_multiplication
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— [ 2]

2
[-10] 3 5 -5 -10 (3] 5 [-5] -10 3 [5] =5
—2

—2

g

apbis = (—10)(2) = =20  +  azby5 = (3)(—H) 15 4 agbss = (5)(—2) =—-10

Generalizing this process, we have the following definition.

Definition 2.9. Product of a Row and a Column: Suppose A = [a;j]mxn and B = [b;j]nxr. Let
Ri denote the ith row of A and let Cj denote the jth column of B. The product of R; and Cj,
denoted R; - C; is the real number defined by

Ri-Cj= ailblj -+ aigbgj + ... ainbnj

Note that in order to multiply a row by a column, the number of entries in the row must match
the number of entries in the column. We are now in the position to define matrix multiplication.

Definition 2.10. Matrix Multiplication: Suppose A = [a;j]mxn and B = [b;j]nx,. Let Ri denote
the ith row of A and let Cj denote the jth column of B. The product of A and B, denoted AB,
is the matrix defined by
AB = [Ri - Cj),, s\

that is

R1-C1 R1-C2 ... R1-Cr

R2-C1 R2-C2 ... R2-Cr

AB =
Rm-Cl1 Rm-C2 ... Rm-Cr

There are a number of subtleties in Definition 2.10 which warrant closer inspection. First and
foremost, Definition 2.10 tells us that the ij-entry of a matrix product AB is the ith row of A
times the jth column of B. In order for this to be defined, the number of entries in the rows of A
must match the number of entries in the columns of B. This means that the number of columns
of A must match® the number of rows of B. In other words, to multiply A times B, the second
dimension of A must match the first dimension of B, which is why in Definition 2.10, A;,x, is
being multiplied by a matrix B,,x,. Furthermore, the product matrix AB has as many rows as A
and as many columns of B. As a result, when multiplying a matrix A,,x, by a matrix B, «,, the
result is the matrix AB,,«,. Returning to our example matrices below, we see that A isa 2 x 3
matrix and B is a 3 x 4 matrix. This means that the product matrix AB is defined and will be a
2 X 4 matrix.

3 1 2 -8
A:[_lg g_é} B=|4 8 =5 9
5 0 -2 —12

SThe reader is encouraged to think this through carefully.
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Using Ri to denote the ith row of A and C'j to denote the jth column of B, we form AB according
to Definition 2.10.

AB — R1-C1 R1-C2 R1-C3 R1-C4 B 1 2 6 —4
N R2-C1 R2-C2 R2-C3 R2-C4 N 7T 14 —45 47

Note that the product BA is not defined, since B is a 3 x 4 matrix while A is a 2 x 3 matrix; B has
more columns than A has rows, and so it is not possible to multiply a row of B by a column of A.
Even when the dimensions of A and B are compatible such that AB and B A are both defined, the
product AB and BA aren’t necessarily equal.” In other words, AB may not equal BA. Although
there is no commutative property of matrix multiplication in general, several other real number
properties are inherited by matrix multiplication, as illustrated in our next theorem.

Theorem 2.5. Properties of Matrix Multiplication Let A, B and C be matrices such that all of
the matrix products below are defined and let k& be a real number.

e Associative Property of Matrix Multiplication: (AB)C = A(BC)
* Associative Property with Scalar Multiplication: k(AB) = (kA)B = A(kB)

¢ Identity Property: For a natural number k, the k& X k identity matrix, denoted I}, is
defined by I, = [d;}], ., where

oL ifi=
Y1 0, otherwise

For all m x n matrices, I,,A = Al, = A.

¢ Distributive Property of Matrix Multiplication over Matrix Addition:

A(B+C) = AB+ AC and (A + B)C = AC + BC

The one property in Theorem 2.5 which begs further investigation is, without doubt, the multi-
plicative identity. The entries in a matrix where 7 = j comprise what is called the main diagonal
of the matrix. The identity matrix has 1’s along its main diagonal and 0’s everywhere else. A few
examples of the matrix I, mentioned in Theorem 2.5 are given below. The reader is encouraged to
see how they match the definition of the identity matrix presented there.

1 0 00
[1][10] (1)‘1)8 01 0 0
0 1 00 1 0 0 1 0
0 0 01
L L I, I,

The identity matrix is an example of what is called a square matrix as it has the same number of
rows as columns. Note that to in order to verify that the identity matrix acts as a multiplicative

7And may not even have the same dimensions. For example, if A is a 2 x 3 matrix and B is a 3 x 2 matrix, then AB
is defined and is a 2 x 2 matrix while BA is also defined... but is a 3 x 3 matrix!
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identity, some care must be taken depending on the order of the multiplication. For example, take
the matrix 2 x 3 matrix A from earlier

2 0 -1
A= [ -10 3 5 ]
In order for the product I A to be defined, k = 2; similarly, for AI} to be defined, k£ = 3. We leave
it to the reader to show I, A = A and Al; = A. In other words,

[10“ 2 01}_{ 2 01}
0 1||~-10 3 5 -10 3 5
and
EEE I
00 1

While the proofs of the properties in Theorem 2.5 are computational in nature, the notation be-
comes quite involved very quickly, so they are left to a course in Linear Algebra. The following
example provides some practice with matrix multiplication and its properties. As usual, some
valuable lessons are to be learned.

Example 2.3.2.
-3 2
1. Find AB for A = -2 -1 7 and B = 15
46 2 —34 4 3

2. Find C? — 5C + 101, for C = [:1)’ _i]

3. Suppose M is a 4 x 4 matrix. Use Theorem 2.5 to expand (M — 21,) (M + 31,).

Solution.
-3 2
1.WehaveAB—[ 4212 ; —;,471} _411 g —{8 8}
2. Just as 22 means z times itself, C? denotes the matrix C times itself. We get
1 —27° 1 -2 10
C?—5C+10I, = E 4] —5[3 AHO{O 1}

(1 —27[1 -2 —5 10 10 0
3 4“3 4}*[—15 —20}“[010]

_[-5 -w0] [ 5 10
-~ |15 10 ~15 —10

oo
oo
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3. We expand (M — 21,) (M + 31,) with the same pedantic zeal we showed in Example 2.3.1.
The reader is encouraged to determine which property of matrix arithmetic is used as we
proceed from one step to the next.

(M —21,) (M +31,) = (M —2I,)M+ (M —2I,) (31,)
= MM — (2I,) M + M (31,) — (21,) (31,)
= M*-— 2(I,M) +3 (M) —2 (1, (31,))
= M?—2M +3M —2(3(L1,))
= M?+ M —6I,

O]

Example 2.3.2 illustrates some interesting features of matrix multiplication. First note that in part
1, neither A nor B is the zero matrix, yet the product AB is the zero matrix. Hence, the the zero
product property enjoyed by real numbers and scalar multiplication does not hold for matrix
multiplication. Parts 2 and 3 introduce us to polynomials involving matrices. The reader is en-
couraged to step back and compare our expansion of the matrix product (M — 21,) (M + 31,) in
part 3 with the product (z — 2)(z + 3) from real number algebra. The exercises explore this kind
of parallel further.

As we mentioned earlier, a point P(x,y) in the zy-plane can be represented as a 2 x 1 position
matrix. We now show that matrix multiplication can be used to rotate these points, and hence
graphs of equations.

2
V2

_V2
Example 2.3.3. Let R = ]

ol

2

1. Plot P(2,-2), Q(4,0), 5(0,3), and T'(—3, —3) in the plane as well as the points RP, RQ, RS,
and RT. Plot the lines y = z and y = —z as guides. What does R appear to be doing to these
points?

2. If a point P is on the hyperbola 22 — y? = 4, show that the point RP is on the curve y = 2.

T

Solution. For P(2, —2), the position matrix is P = [ _g } ,and

Vi o2 9
RP = 2
[ ?”—2]

- 7]

We have that R takes (2, —2) to (2v/2,0). Similarly, we find (4,0) is moved to (2v/2,2v2), (0,3)
is moved to (—%, 37‘/5), and (-3, —3) is moved to (0, —3v/2). Plotting these in the coordinate

plane along with the lines y = x and y = —x, we see that the matrix R is rotating these points
counterclockwise by 45°.

T
BN
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Yy
N 41 /
\
\\ B Rg/
N7 &N
\‘_\ 2 // \
RS ~ ’ \
N 14 \
AN RP
+ PN + >4 +
—4 -3 =2 —1/ \1 2 13 @ x
a /
7 AN /
// —27 \‘\
T P
l/ -3+ \\
/N N
/ - _ \
’ \\4;‘RT N

For a generic point P(z,y) on the hyperbola 22 — y* = 4, we have

R V-V N
2 2
[ By
@x + ?y
which means R takes (z,y) to (?:p — fy, \gl' + ‘zfy) To show that this point is on the curve
y = =, we replace z with f @y and y with ‘[x + ‘Q[y and simplify.
y = 2
? X
Fr+ ?y = 5oz
2 Y2 Y
? 2
() (Beeh) £ (57, ) (8-
2T 2
2 2
(fo)- () 2
.’,UZ 2 ?
-5 =2
22 — o2 Loy

Since (x,y) is on the hyperbola z? — y? = 4, we know that this last equation is true. Since all of our
steps are reversible, this last equation is equivalent to our original equation which establishes the

2

point is, indeed, on the graph of y =

. This means the graph of y =

2 is a hyperbola, and it is

none other than the hyperbola 2? — y? = 4 rotated counterclockwise by 45°8 Below we have the
graph of 2 — y? = 4 (solid line) and y = 2 (dashed line) for comparison.

8See Section 1.5 for more details.
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O]

When we started this section, we mentioned that we would temporarily consider matrices as their
own entities, but that the algebra developed here would ultimately allow us to solve systems of
linear equations. To that end, consider the system

3x—y+z = 8
r4+2y—z = 4
2c+3y—4z = 10

In Section 2.2, we encoded this system into the augmented matrix

3 -1 1] 8
1 2 —-1| 4
2 3 —4]10

Recall that the entries to the left of the vertical line come from the coefficients of the variables in
the system, while those on the right comprise the associated constants. For that reason, we may
form the coefficient matrix A, the unknowns matrix X and the constant matrix B as below

3 —1 1 T 8
A=1|1 2 —1 X=\|y B = 4
2 3 —4 z 10

We now consider the matrix equation AX = B.

AX = B
3 -1 1 x| [ 8]
1 2 -1 Y = 4
2 3 —4 z | | 10 |
3z —y+2z | [ 8]
r+2y—=z = 4
2x + 3y — 4z | | 10 |

We see that finding a solution (z, y, z) to the original system corresponds to finding a solution X
for the matrix equation AX = B. If we think about solving the real number equation ax = b, we
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would simply ‘divide’ both sides by a. Is it possible to ‘divide’ both sides of the matrix equation
AX = B by the matrix A? This is the central topic of Section 2.4.
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2.3.1 EXERCISES

For each pair of matrices A and B in Exercises 1 - 7, find the following, if defined

* 34 e —B o A2
e A-2B e AB e BA
[2 -3 5 —2 -1 5 2 10
La=|7 3le=0 5 2a=| 5 o lm=| 3 Y]
-1 3 7T 0 8 2 4 -1 3 -5
B'A__ 52]’3_{—314] 4"A_[6 8}’B_[ 7 -9 11]
[ 7 1 -2
5A=|8|,B=[1 2 3] 6. A=| -3 4 |,B=]-5 1 8]
9 5 —6
2 -3 ) 1 2 1
7. A= 3 1 -2 |,B=|17 33 19
| =7 1 -1 10 19 11
In Exercises 8 - 21, use the matrices
12 [ o0 -3 10 =Y 0
SRR B TR a1
7 —13 1 2 3
D=|-% 0| E=|0 4 -9
6 8 0 0 =5
to compute the following or state that the indicated operation is undefined.
8. 7B —4A 9. AB 10. BA
11. E+ D 12. ED 13. CD +21,A
14. A— 4l 15. A% — B? 16. (A+ B)(A— B)
17. A> =54 —2I, 18. E? + 5E — 3613 19. EDC
20. CDE 21. ABCEDI,

22.

a b ¢ 01 5 0 1 -2
LetA_[def] El_[l 0] EZ_[O 1} E?’_{o 1]
Compute F, A, E,A and E;A. What effect did each of the F; matrices have on the rows of

A? Create E, so that its effect on A is to multiply the bottom row by —6. How would you
extend this idea to matrices with more than two rows?
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In Exercises 23 - 29, consider the following scenario. In the small village of Pedimaxus in the
country of Sasquatchia, all 150 residents get one of the two local newspapers. Market research
has shown that in any given week, 90% of those who subscribe to the Pedimaxus Tribune want
to keep getting it, but 10% want to switch to the Sasquatchia Picayune. Of those who receive the
Picayune, 80% want to continue with it and 20% want switch to the Tribune. We can express this
situation using matrices. Specifically, let X be the ‘state matrix’ given by

3]

where 7' is the number of people who get the Tribune and P is the number of people who get the
Picayune in a given week. Let () be the “transition matrix’ given by

o [ 090 0.20
~ 1010 0.80

such that QX will be the state matrix for the next week.

23. Let’s assume that when Pedimaxus was founded, all 150 residents got the Tribune. (Let’s
call this Week 0.) This would mean

[

0

Since 10% of that 150 want to switch to the Picayune, we should have that for Week 1, 135
people get the Tribune and 15 people get the Picayune. Show that QX in this situation is

indeed

135
=[]

24. Assuming that the percentages stay the same, we can get to the subscription numbers for
Week 2 by computing Q*X. How many people get each paper in Week 2?

25. Explain why the transition matrix does what we want it to do.

26. If the conditions do not change from week to week, then () remains the same and we have
what’s known as a Stochastic Process’ because Week n’s numbers are found by computing
Q" X. Choose a few values of n and, with the help of your classmates and calculator, find out
how many people get each paper for that week. You should start to see a pattern as n — oo.

27. If you didn’t see the pattern, we’ll help you out. Let

100
=[]
Show that QX = X This is called the steady state because the number of people who get
each paper didn’t change for the next week. Show that Q"X — X, asn — oc.

“More specifically, we have a Markov Chain, which is a special type of stochastic process.
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28. Now let

n
|
—

Wl Wl

W= Wi
| I

Show that Q" — S asn — oc.

29. Show that SY = X for any matrix Y of the form

o Yy
Y_[lE)O—y]

This means that no matter how the distribution starts in Pedimaxus, if ) is applied often
enough, we always end up with 100 people getting the Tribune and 50 people getting the
Picayune.

30. Let z = a + bi and w = ¢ + di be arbitrary complex numbers. Associate z and w with the

matrices
a b c d
Z—[_ba]andW—[_d c}

Show that complex number addition, subtraction and multiplication are mirrored by the
associated matrix arithmetic. That is, show that Z + W, Z — W and ZW produce matrices
which can be associated with the complex numbers z + w, 2 — w and zw, respectively.

31. Let

1 2 0 -3
A—[34]andB—[_5 2}

Compare (A + B)? to A? + 2AB + B2. Discuss with your classmates what constraints must
be placed on two arbitrary matrices A and B so that both (4 + B)? and A% +2AB + B? exist.
When will (A + B)? = A2 + 2AB + B?? In general, what is the correct formula for (A + B)??

In Exercises 32 - 36, consider the following definitions. A square matrix is said to be an upper
triangular matrix if all of its entries below the main diagonal are zero and it is said to be a lower
triangular matrix if all of its entries above the main diagonal are zero. For example,

1 2 3
E=]10 4 -9
0 0 -5

from Exercises 8 - 21 above is an upper triangular matrix whereas

10
F-[a 0]
is a lower triangular matrix. (Zeros are allowed on the main diagonal.) Discuss the following
questions with your classmates.

32. Give an example of a matrix which is neither upper triangular nor lower triangular.
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33. Is the product of two n x n upper triangular matrices always upper triangular?

34. Is the product of two n x n lower triangular matrices always lower triangular?

=15 1]

write A as LU where L is a lower triangular matrix and U is an upper triangular matrix?

35. Given the matrix

36. Are there any matrices which are simultaneously upper and lower triangular?
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2.3.2 ANSWERS

2 -3

1. ForA:[1 4

6

caan |

s a-am-|

-1 5
2. For A = [ 3 6
-3

s a-2m-|

-1 3

3. ForA:[ 5 9

-3

°3A:[ 15

e A — 2B isnotdefined

2 4
4.ForA—[6 8]
6

-3A_[18

e A — 2B isnot defined

[ —37

| —48

[ -7
3

[ —16
29

1
-7

[ 26

5 —2
}amdB—[4 8]
—9
12] * b=
8 1 I
_7 —12] AB =
2 10
}andB—[_7 1]
15
18} *-B=
—5 —15
11 4] *AB=
70 8
}andB_[_3 1 4}
S6):| .—B:
o AB =
1 3 -5
andB_[ 7 -9 11
12
24] * b=
o AB =

| 50

SYSTEMS OF EQUATIONS AND MATRICES

—10
-1

-5
—24

0 -8
-1 -4

|

3 4
2 48

-3
9 -1

—-30 34
—54 58

)
1

|

|

.Az:[

—14 25
—-15 21

-32 70
4 =29

e[ 4]

5 19

BA is not defined

28 40
60 88

BA is not defined
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7
5. ForA=| 8
9

21

e 3A=1| 24

27

andB=[1 2 3]

e A2 isnot defined

e B=[-1 -2 -3]
e A — 2B isnotdefined

e BA = [50]

e B=[5 -1 -8]

7 14 21
e AB=|8 16 24
9 18 27
1 -2
6. Ford=| -3 4 |andB=[-5 1 8]
5 —6
3 —6
*3A=| -9 12
15 —18

e A2 isnot defined

e AB isnot defined

2 -3 5§
7. For A = 3 1 —2 | and B =
-7 1 -1
6 -9 15
e 34 = 9 3 —6
| —-21 3 -3
[ —40 -4 11
o A% — 23 —10 15
| -4 21 -36
1 0 0
e AB=|01 0
|0 0 1
[ —4 —29
8.7B—4A___47 _2}
-9 —12
w pa=| 0 12

e A — 2B isnot defined

e BA=[32 —34]

1 2 1
17 33 19
10 19 11
-1 -2 -1
e _B=| —-17 =33 -19
-10 -19 -11
0 -7 3
e A—2B=| -31 —65 —40
—-27 =37 -23
1 00
e BA=|0 10
0 0 1
—10 1
o ap- [0 1]

11. E + D is undefined

101
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12.

14.

16.

18.

20.

22.

67
5 11
ED=| 118 _72
—-30 —40
-3 2
a2
-7 3
T
-30 20 -15
E? + 5F — 3613 = 0 0 —36
0 0 —-36
CDF is undefined
BA = d e f
| a b
[ 5a 5b 5c¢
[a—2d b—2e c—2f

10
w=lo )

SYSTEMS OF EQUATIONS AND MATRICES

28 -126
13. CD42LA= | gy 4
15 5
-8 16
2_ p2 _
15. A2-B [25 3]

17. A2—5A—212:[0 0}

00
3449 407
5 6 09
19. EDC = | %18 101 _g48

—-324 =35 -360

_ 90749 _ 28867
_ 15 5
15 5

. ] E, interchanged R1 and R2 of A.
] E, multiplied R1 of A by 5.

} E; replaced R1 in A with R1 — 2R2.
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2.4 SYSTEMS OF LINEAR EQUATIONS: MATRIX INVERSES

We concluded Section 2.3 by showing how we can rewrite a system of linear equations as the
matrix equation AX = B where A and B are known matrices and the solution matrix X of the
equation corresponds to the solution of the system. In this section, we develop the method for
solving such an equation. To that end, consider the system

20 — 3y = 16
3r+4y = 7

To write this as a matrix equation, we follow the procedure outlined on page 94. We find the
coefficient matrix A, the unknowns matrix X and constant matrix B to be

R HEN

In order to motivate how we solve a matrix equation like AX = B, we revisit solving a similar
equation involving real numbers. Consider the equation 3z = 5. To solve, we simply divide both
sides by 3 and obtain z = 2. How can we go about defining an analogous process for matrices?
To answer this question, we solve 3z = 5 again, but this time, we pay attention to the properties
of real numbers being used at each step. Recall that dividing by 3 is the same as multiplying by

3 = 371, the so-called multiplicative inverse' of 3.

3r = 5
371(3z) = 371(5) Multiply by the (multiplicative) inverse of 3
(371-3)z = 371(5) Associative property of multiplication
1.z = 371(5) Inverse property
T 371(5) Multiplicative Identity

If we wish to check our answer, we substitute z = 371(5) into the original equation

3z = 5
3(371(5) = 5
(3-371) (5) Z 5 Associative property of multiplication
1.5 = 5 Inverse property
5 L 5 Multiplicative Identity

Thinking back to Theorem 2.5, we know that matrix multiplication enjoys both an associative
property and a multiplicative identity. What’s missing from the mix is a multiplicative inverse
for the coefficient matrix A. Assuming we can find such a beast, we can mimic our solution (and
check) to 3z = 5 as follows

1Every nonzero real number a has a multiplicative inverse, denoted a ' suchthata ™! -a=a-a ' =1.
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Solving AX = B Checking our answer

AX = B AX = B
AY(AX) = A'B  A(AT'B) £ B
(A'A)X = A'B (aa B L B

LX = A7'B LB L B

X = AlB v

B £ B

The matrix A~ ! is read “ A-inverse’ and we will define it formally later in the section. At this stage,
we have no idea if such a matrix A~! exists, but that won’t deter us from trying to find it.> We
want A~ to satisfy two equations, A™'4 = I, and AA™! = I,, making A~! necessarily a 2 x 2
matrix.’ Hence, we assume A1 has the form

A—l _ Ty Tg
T3 Ty
for real numbers x,, 2, z; and z,. For reasons which will become clear later, we focus our attention
on the equation AA~! = I,. We have

AATT = I
2 -3 T, To _ 1 0
3 4 Ty T, o 0 1
2x, — 3x; 2x, — 314 B 1 0
3x, +4x; 3z, +4x, - 0 1

This gives rise to two more systems of equations

23;1 - 3563 — 1 2$2 - 3:1:4 —
3x,+4x; = 0 3x, +4x, = 1

At this point, it may seem absurd to continue with this venture. After all, the intent was to solve
one system of equations, and in doing so, we have produced two more to solve. Remember, the
objective of this discussion is to develop a general method which, when used in the correct scenar-
ios, allows us to do far more than just solve a system of equations. If we set about to solve these
systems using augmented matrices using the techniques in Section 2.2, we see that not only do
both systems have the same coefficient matrix, this coefficient matrix is none other than the matrix
A itself. (We will come back to this observation in a moment.)

22, —3z; = 1 Encode into a matrix 2 =31
3z, +4x; = 0 3 410
2, — 3z, = 0 Encode into a matrix 2 =31|0
3r,+4x, = 1 3 411

*Much like Carl’s quest to find Sasquatch.
3Since matrix multiplication isn’t necessarily commutative, at this stage, these are two different equations.
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To solve these two systems, we use Gauss-Jordan Elimination to put the augmented matrices into
reduced row echelon form. (We leave the details to the reader.) For the first system, we get

[ 2 =31 :| Gauss Jordan Elimination [ 10 1i7 ]

3 410 01_1&7

which gives z;, = 1% and z; = —%. To solve the second system, we use the exact same row

operations, in the same order, to put its augmented matrix into reduced row echelon form (Think
about why that works.) and we obtain

2 =3
3 4

which means z, = % and x, = % Hence,

Afl_ Ty To _
I 2 7 R

We can check to see that A~! behaves as it should by computing AA™!

e IR S IR R

3
17 2 -3 |1 0]
[ERINmEE

7
7
We can now return to the problem at hand. From our discussion at the beginning of the section on

page 104, we know
16 | 5
T -2

7
so that our final solution to the system is (z,y) = (5, —2).

0 Gauss Jordan Elimination 10
1 0 1

Sl Sfes
—_

e e
o s

SN
Sho s

As an added bonus,

A71TA =

s e

X=A"'B=

o Sl

S

1

As we mentioned, the point of this exercise was not just to solve the system of linear equations, but
to develop a general method for finding A~!. We now take a step back and analyze the foregoing
discussion in a more general context. In solving for A~!, we used two augmented matrices, both
of which contained the same entries as A

il = [
BRI

We also note that the reduced row echelon forms of these augmented matrices can be written as
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1 0 1% _ I, T,
0 1|-% T
Lol | _ L | ®
0 1 137 Ty

where we have identified the entries to the left of the vertical bar as the identity I, and the entries
to the right of the vertical bar as the solutions to our systems. The long and short of the solution
process can be summarized as

|: A (1) ] Gauss Jordan Elimination |: [2

|: A (1) :| Gauss Jordan Elimination |: 12

Since the row operations for both processes are the same, all of the arithmetic on the left hand side
of the vertical bar is identical in both problems. The only difference between the two processes is
what happens to the constants to the right of the vertical bar. As long as we keep these separated
into columns, we can combine our efforts into one ‘super-sized” augmented matrix and describe
the above process as

[ A (1) (1) :| Gauss Jordan Elimination |: [2

We have the identity matrix I, appearing as the right hand side of the first super-sized augmented
matrix and the left hand side of the second super-sized augmented matrix. To our surprise and
delight, the elements on the right hand side of the second super-sized augmented matrix are none
other than those which comprise A1, Hence, we have

[ A ‘ 12 } Gauss Jordan Elimination [ IQ ‘ A_l ]
In other words, the process of finding A~ for a matrix A can be viewed as performing a series of
row operations which transform A into the identity matrix of the same dimension. We can view
this process as follows. In trying to find A~!, we are trying to ‘undo’ multiplication by the matrix
A. The identity matrix in the super-sized augmented matrix [A|/] keeps a running memory of all
of the moves required to ‘undo’ A. This results in exactly what we want, A~!. We are now ready
to formalize and generalize the foregoing discussion. We begin with the formal definition of an
invertible matrix.

Definition 2.11. An n x n matrix 4 is said to be invertible if there exists a matrix A~!, read ‘A
inverse’, such that A=1A = AA~! = I,,.

Note that, as a consequence of our definition, invertible matrices are square, and as such, the
conditions in Definition 2.11 force the matrix A~! to be same dimensions as A, that is, n x n.
Since not all matrices are square, not all matrices are invertible. However, just because a matrix is
square doesn’t guarantee it is invertible. (See the exercises.) Our first result summarizes some of
the important characteristics of invertible matrices and their inverses.
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Theorem 2.6. Suppose A is an n x n matrix.

1. If A is invertible then A~! is unique.

2. Ais invertible if and only if AX = B has a unique solution for every n x r matrix B.

The proofs of the properties in Theorem 2.6 rely on a healthy mix of definition and matrix arith-
metic. To establish the first property, we assume that A is invertible and suppose the matrices B
and C act as inverses for A. Thatis, BA = AB = I, and CA = AC = I,. We need to show
that B and C are, in fact, the same matrix. To see this, we note that B = I,B = (CA)B =
C(AB) = CI, = C. Hence, any two matrices that act like A~ are, in fact, the same matrix. To
prove the second property of Theorem 2.6, we note that if A is invertible then the discussion on
page 104 shows the solution to AX = B tobe X = A™'B, and since A~! is unique, so is A~!B.
Conversely, if AX = B has a unique solution for every n x r matrix B, then, in particular, there
is a unique solution Xy to the equation AX = I,,. The solution matrix Xy is our candidate for
A~l. We have AX, = I, by definition, but we need to also show XyA = I,,. To that end, we
note that A (XoA) = (AXo) A = I,A = A. In other words, the matrix XA is a solution to the
equation AX = A. Clearly, X = I, is also a solution to the equation AX = A, and since we are
assuming every such equation as a unique solution, we must have XoA = I,,. Hence, we have
XoA = AXy = I,,, so that Xy = A~ and A is invertible. The foregoing discussion justifies our
quest to find A~! using our super-sized augmented matrix approach

[ A ‘ In } Gauss Jordan Elimination [ In ‘ A_l ]

We are, in essence, trying to find the unique solution to the equation AX = I,, using row opera-
tions.

What does all of this mean for a system of linear equations? Theorem 2.6 tells us that if we write
the system in the form AX = B, then if the coefficient matrix A is invertible, there is only one
solution to the system — that is, if A is invertible, the system is consistent and independent.* We
also know that the process by which we find A~! is determined completely by A4, and not by the
constants in B. This answers the question as to why we would bother doing row operations on
a super-sized augmented matrix to find A~! instead of an ordinary augmented matrix to solve a
system; by finding A~! we have done all of the row operations we ever need to do, once and for
all, since we can quickly solve any equation AX = B using one multiplication, A~ B.

3 1 2
Example 2.4.1. LetA=| 0 -1 5
2 1 4

1. Use row operations to find A~!. Check your answer by finding A=A and A4~

2. Use A~! to solve the following systems of equations

*It can be shown that a matrix is invertible if and only if when it serves as a coefficient matrix for a system of
equations, the system is always consistent independent. It amounts to the second property in Theorem 2.6 where the
matrices B are restricted to being n x 1 matrices. We note that, owing to how matrix multiplication is defined, being able
to find unique solutions to AX = B for n x 1 matrices B gives you the same statement about solving such equations
for n x r matrices — since we can find a unique solution to them one column at a time.
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3r+y—+2z = 26 3r+y+2z = 4 3r+y—+2z = 1
(a) —y+5z = 39 (b) —y+5z = 2 (c) —y+5z = 0
2c+y+4z = 117 2c+y+42z = 5 2c+y+42 = 0

Solution.

1. We begin with a super-sized augmented matrix and proceed with Gauss-Jordan elimination.

1 1
Replace R1 3
/== |0 -1
with gRl 9 1

|
— =
= Ot DN
OO =
= orwin
O O Wi
S = O

Replace R3 with
B E—
—2R1+ R3

1

0

0

{ 1
Replace R2

N O = DO W
oo @@=/ ©
oo =OoO

0
0
1
0
0
1

= ol
S O Wl

wico Ul
W O Wi

O W= Wl Wl Wl Wl

e
with (—1)R2

= O O

|
o~ o
|

Wl = W
wl|oo Cl)TOD\l\B
Wi O Wl
L
)

[en}
—_

o O = S O = S O =

)

Replace R3 with
E——

N O wi—
|
[en}

—3R2+ R3

S O =
O W
[

w gTwiN

—_

— O Wk O

Replace R3
R

W UTWIN W0 UTWIN W00 UTWIN N UTwN

,_.
|
|
W = O O = O
‘Mow\v—‘ w
-

Wy O wWl— WIN O Wli— Wy O wl—

— o o — o O

— Orwin w\»—t

O = W=
|
e o o

with 2 R3 0

r
=
L
—
w
=
w

Replace R1 with
—2R3+ R1

—
w
Gl= oo G

o
Sles Sl Sl

]

O = Wi
|
AL
S = Wi
— o O
|
—_

o
|

—

Replace R2 with
5R3 + R2

8|S o wl—
|
—_
Gl o o

—_
w

o

|

|

|

|
Sles Bl s

17 2 9
39 39 . 100
10 Replace R1 with 10
- N
13 13
1 2 1

O = Wi
[a)
|
|
o]

—+R2+ R1

Sl Slo &l
—
w

&l= Gloe gl

Bl Sl &l

. To check our answer, we compute

e [0
&l= Eloo Bl

N

L

N

Il

gls

|
Gl Sloo o
Sles Sl Sl

()

|

—

at

Il
o O =
o = O
= o O

Il

&

<

and
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9 2 7
3 1 13 s T3 1 00

-1 10 8 15
2 1 4 2 L3 00 1

T 13 13 13

2. Each of the systems in this part has A as its coefficient matrix. The only difference between
the systems is the constants which is the matrix B in the associated matrix equation AX = B.
We solve each of them using the formula X = A~!B.

9 2 7
13 3 —13 26 -39
_A-1p _ 10 8 15 _ ..
(@ X=A"B=| -3 —13 13 39 | = 91 |. Our solution is (—39,91, 26).
2 1 3
| 13 i3 5L 117 26
9 2 _777T7 47 [ 5
13 13 13 13
_A-1p _ 10 8 15 _ | 19 5 19 9
b) X=A"'"B=| -3 -5 1. = | 13 |- Weget (3, 13, 13)-
_2 1 3 9
L —13 13 131 L2 L 13
T 9 2 717711 [ 2
13 13 13 13
_A-1p _ 10 8 15 _ 10 : 9 10 _2\5
(C) X—A B— —13 —13 13 O = —13 .Weflnd (Tg,—ﬁ,—ﬁ).
_2 1 3|1 _2
L ~13 13 31 LY L ~13

In Example 2.4.1, we see that finding one inverse matrix can enable us to solve an entire family
of systems of linear equations. There are many examples of where this comes in handy ‘in the
wild’, and we chose our example for this section from the field of electronics. We also take this
opportunity to introduce the student to how we can compute inverse matrices using the calculator.

Example 2.4.2. Consider the circuit diagram below.® We have two batteries with source voltages
VB, and VB,, measured in volts V, along with six resistors with resistances R, through R;, mea-
sured in kiloohms, k2. Using and , we can relate the voltage
supplied to the circuit by the two batteries to the voltage drops across the six resistors in order to
find the four “‘mesh’ currents: i,, ,, i; and ¢,, measured in milliamps, mA. If we think of electrons
flowing through the circuit, we can think of the voltage sources as providing the ‘push” which
makes the electrons move, the resistors as obstacles for the electrons to overcome, and the mesh
current as a net rate of flow of electrons around the indicated loops.

°Note that the solution is the first column of the A~". The reader is encouraged to meditate on this ‘coincidence’.
The authors wish to thank Don Anthan of Lakeland Community College for the design of this example.


http://en.wikipedia.org/wiki/Ohm's_law
http://en.wikipedia.org/wiki/Kirchhoff's_circuit_laws
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Rs
M
Rl R2 R6
M M M
VB ; 11 R3 § io Ry § 3 é VB,

The system of linear equations associated with this circuit is

(R, + R,) i, — Ryi, — Ryi, = VB,

—Ryiy + (Ry+ Rs + Ry) iy — Ryis — Ryiy, = 0
—Ryiy, + (Ry + Rg) is — Rygiy
—Ryiy — Ryiy — Rgis + (Ry + Ry + Rs + Rg) 44

i1l
=

1. Assuming the resistances are all 1£(2, find the mesh currents if the battery voltages are

(@) VB, =10V and VB, = 5V
(b) VB, =10V and VB, = 0V
(c) VB, =0V and VB, = 10V
(d) VB, = 10V and VB, = 10V

2. Assuming VB, = 10V and VB, = 5V, find the possible combinations of resistances which
would yield the mesh currents you found in 1(a).

Solution.

1. Substituting the resistance values into our system of equations, we get

27:1 - 7:2 - i4 - ‘Bl

_il + 37/2 — Z’S - Z‘4 = 0
_/1:2 + 2/1/3 - /L.4 — _‘BQ
—t, —ty—t3+4i, = 0

This corresponds to the matrix equation AX = B where
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2 -1 0

-1 3 -1

A= 0 -1 2
-1 -1 -1

-1
-1
-1

4

When we input the matrix A into the calculator, we find

[A]-

[[1.625 1.25 1..
[1.23 1.3 . 1.
[1.125 1.25 1..
[1 1 1

1.625
from which we have A~ = 11132
1

1.25
1.5
1.25
1

1.125
1.25
1.625
1

111

n VB,
1y 0
i | 27| S,
14 0
[R1-
1.25 1.125 11
10587 1135 1]
1.25 1.625 11
i i 111
i
1
1
1
1

To solve the four systems given to us, we find X = A~ B where the value of B is determined

by the given values of VB, and VB,

10

1@ B= 1(b) B=

0
-5 |
0

1

0
0
o | 1(c) B=
0

0

—10
0

, 1(d)

10
0
10
0

B =

(a) For VB, = 10V and VB, = 5V, the calculator gives i, = 10.625 mA, i, = 6.25 mA,
iz = 3.125 mA, and i, = 5 mA. We include a calculator screenshot below for this part

(and this part only!) for reference.

[AI-T[E]

[[18.6
B. 22
S 12
2

[ T T T |

(b) By keeping VB, = 10V and setting VB, = 0V, we are removing the effect of the second
battery. We get i, = 16.25 mA, i, = 12.5 mA, i; = 11.25 mA, and i, = 10 mA.

(c) Part (c) is a symmetric situation to part (b) in so much as we are zeroing out VB, and
making VB, = 10. We find i, = —11.25 mA4, i, = —12.5 mA, i3 = —16.25 mA, and
iy = —10 mA, where the negatives indicate that the current is flowing in the opposite
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direction as is indicated on the diagram. The reader is encouraged to study the sym-
metry here, and if need be, hold up a mirror to the diagram to literally ‘see” what is
happening.

(d) For VB, = 10V and VB, = 10V, we get i, = 5 mA, i, = 0 mA, i3 = —5 mA, and
iy, = 0 mA. The mesh currents i, and i, being zero is a consequence of both batteries
‘pushing’ in equal but opposite directions, causing the net flow of electrons in these two
regions to cancel out.

2. We now turn the tables and are given VB, = 10V, VB, = 5V, i; = 10.625 mA, i, = 6.25 mA,
iz = 3.125 mA and i, = 5 mA and our unknowns are the resistance values. Rewriting our
system of equations, we get

5.625R, +4.375R; = 10

1.25R, —4.375R; +3.125R, = O
—3.125R, — 1.875R; = -5

—5.625R, —1.25R, +5R; +1.875R; = 0

The coefficient matrix for this system is 4 x 6 (4 equations with 6 unknowns) and is therefore
not invertible. We do know, however, this system is consistent, since setting all the resis-
tance values equal to 1 corresponds to our situation in problem la. This means we have an
underdetermined consistent system which is necessarily dependent. To solve this system,
we encode it into an augmented matrix

5.25 0 437 0 0 0| 10

0 125 —-437  3.125 0 0 O

0 0 0 —-3.125 0 —1.875| -5
—5.625 —1.25 0 0 5 187 | 0

and use the calculator to write in reduced row echelon form

1 0 07 0 0 017
0 1 -3.5 0 0 -15| -4
0 0 0 1 0 06|16
0 0 0 0 1 0 1

Decoding this system from the matrix, we get

R1 + 0.7R3 == 1 7

R2 - 35R3 - 15R6 - —4
R5 - ].

We can solve for R,, R,, R, and R; leaving R; and R, as free variables. Labeling R; =
sand Ry = t, we have R, = —0.7s + 1.7, R, = 3.5s + 1.5t — 4, R, = —0.6t + 1.6 and
R; = 1. Since resistance values are always positive, we need to restrict our values of s and
t. We know R; = s > 0 and when we combine that with B, = —0.7s + 1.7 > 0, we get
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0 < s < 8. Similarly, R, = t > 0 and with R, = —0.6t + 1.6 > 0, we find 0 < ¢ <
8. In order visualize the inequality R, = 3.5s + 1.5t — 4 > 0, we graph the line 3.5s +
1.5t — 4 = 0 on the st-plane and shade accordingly. Imposing the additional conditions
0<s< 1—76 and 0 < ¢ < %, we find our values of s and ¢ restricted to the region depicted
on the right. Using the roster method, the values of s and ¢ are pulled from the region
{(s,t):0<s< ¥ 0<t<§ 35s+1.5t—4>0}. The reader is encouraged to check that
the solution presented in 1(a), namely all resistance values equal to 1, corresponds to a pair

(s,t) in the region.

s s
A
|
3 31
1 T .
! _ 16
<L 9l A "‘5_{_‘ ————— m - -S=7
RS RN |
~ ~ |
\\ \\ I
TH< e |
- ! - |
, , , T~ , , , , , I ,
-2 -1 1 2 T<~4 |t -2 -1 7 1 2 :\\\4 t
14 BN _1+ l T~y
| =8
l t=3
The region where 3.55 + 1.5t —4 > 0 The region for our parameters s and t.
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2.4.1 EXERCISES

In Exercises 1 - 8, find the inverse of the matrix or state that the matrix is not invertible.

1 2 [ 12 -7
La-[] 2] 2p-[ 2 7]
6 15 2 —1
3'0_[14 35] 4'D__16 —9]
3 0 4 (4 6 -3
5 FE = 2 -1 3 6. F=|3 4 -3
| -3 2 -5 1 2 6
1 2 3 1 0 -3 0
7.G=12 3 11 2 -2 8 7
|3 4 19 8. H = -5 0 16 0
1 0 4 1

In Exercises 9 - 11, use one matrix inverse to solve the following systems of linear equations.

9 3x+Ty = 26 10 3x+T7y = 0 1 x+Ty = -7
| br+12y = 39 T bz +12y = —1 "l bx+12y = 5

In Exercises 12 - 14, use the inverse of E from Exercise 5 above to solve the following systems of
linear equations.

3r+4z = 1 3r+4z = 0 3z+42z = 0
12. 2 —y+32z = 0 13. 20 —y+32z = 1 14. 2z —-—y+32z = 0
—3z+2y—52 = 0 —3z+2y—52 = 0 —3r+2y—52z =1

15. This exercise is a continuation of Example 2.3.3 in Section 2.3 and gives another application
of matrix inverses. Recall that given the position matrix P for a point in the plane, the matrix
RP corresponds to a point rotated 45° counterclockwise from P where

2 2
V2 V2
2 2

R:

\/i_ﬁ]

(a) Find R~1.
(b) If RP rotates a point counterclockwise 45°, what should R~ P do? Check your answer
by finding R~! P for various points on the coordinate axes and the lines y = +x.

(c) Find R~1 P where P corresponds to a generic point P(z,y). Verify that this takes points
on the curve y = 2 to points on the curve z? — 32 = 4.

16. A Sasquatch’s diet consists of three primary foods: Ippizuti Fish, Misty Mushrooms, and Sun
Berries. Each serving of Ippizuti Fish is 500 calories, contains 40 grams of protein, and has
no Vitamin X. Each serving of Misty Mushrooms is 50 calories, contains 1 gram of protein,
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and 5 milligrams of Vitamin X. Finally, each serving of Sun Berries is 80 calories, contains no
protein, but has 15 milligrams of Vitamin X7

(a) If an adult male Sasquatch requires 3200 calories, 130 grams of protein, and 275 mil-
ligrams of Vitamin X daily, use a matrix inverse to find how many servings each of
Ippizuti Fish, Misty Mushrooms, and Sun Berries he needs to eat each day.

(b) An adult female Sasquatch requires 3100 calories, 120 grams of protein, and 300 mil-
ligrams of Vitamin X daily. Use the matrix inverse you found in part (a) to find how
many servings each of Ippizuti Fish, Misty Mushrooms, and Sun Berries she needs to
eat each day.

(c) An adolescent Sasquatch requires 5000 calories, 400 grams of protein daily, but no Vita-
min X daily.® Use the matrix inverse you found in part (a) to find how many servings
each of Ippizuti Fish, Misty Mushrooms, and Sun Berries she needs to eat each day.

17. Matrices can be used in cryptography. Suppose we wish to encode the message ‘BIGFOOT
LIVES’. We start by assigning a number to each letter of the alphabet, say A =1, B = 2 and
so on. We reserve 0 to act as a space. Hence, our message ‘BIGFOOT LIVES’ corresponds to
the string of numbers 2,9, 7, 6, 15, 15, 20, 0, 12, 9, 22, 5, 19.” To encode this message, we use
an invertible matrix. Any invertible matrix will do, but for this exercise, we choose

2 -3 5
A= 3 1 -2
-7 1 -1

Since A is 3 x 3 matrix, we encode our message string into a matrix M with 3 rows. To do
this, we take the first three numbers, 2 9 7, and make them our first column, the next three
numbers, 6 15 15, and make them our second column, and so on. We put 0’s to round out
the matrix.

2 6 20 9 19
M=19 15 0 22 0
7 15 12 5 O

To encode the message, we find the product AM

2 -3 5 2 6 20 9 19 12 42 100 -23 38
AM = 3 1 =2 9 15 0 22 0| = 1 3 36 39 o7
-7 1 -1 7 15 12 5 0 —-12 —42 —-152 —46 -—-133

So our coded message is ‘12, 1, —12, 42, 3, —42, 100, 36, —152, —23, 39, —46, 38, 57, —133.” To
decode this message, we start with this string of numbers, construct a message matrix as we
did earlier (we should get the matrix AM again) and then multiply by A~'.

7Mis’cy Mushrooms and Sun Berries are the only known fictional sources of Vitamin X.
8Vitamin X is needed to sustain Sasquatch longevity only.



116 SYSTEMS OF EQUATIONS AND MATRICES

(a) Find A~ L.
(b) Use A~ to decode the message and check this method actually works.
(c) Decode the message ‘14, 37, —76, 128, 21, —151, 31, 65, —140’

(d) Choose another invertible matrix and encode and decode your own messages.

18. Using the matrices A from Exercise 1, B from Exercise 2 and D from Exercise 4, show AB =
Dand D! = B71A~!. That is, show that (AB)™! = B~1A~L

19. Let M and N be invertible n x n matrices. Show that (M N)~t = N=1M 1,
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2.4.2 ANSWERS

_ —2 1 -1 3 7
1A1_[3_1] 23_512]
)
9 _1
3. Cis not invertible 4. D1 = % 7% }
-1 8 4 [ -3 3 3
5. B~ = 1 -3 -1 6. F-1 = o9 1
1 -6 -3 _1 1 1
L 76 6 6
16 0 0
—90 -1 _3 T
7. G is not invertible 8. H ! = 2 2 2
) 0 1 0
—36 0o -7 1

The coefficient matrix is B~! from Exercise 2 above so the inverse we need is (B~!)~! = B.

12 7] 26 39
9. 5 3 _39]—[_13] Sozr=39and y = —13.
12 -7 0 7
10. 5 3___1]—[_3]Sow—7andy——3.
12 -7 [ -7 —119
11. 53| 5]—[ 50} Soz = —119 and y = 50.
3 0 4 -1 8 4
The coefficient matrix is £ = 2 -1 3 | from Exercise 5,s0 E~! = 1 -3 -1
-3 2 -5 1 -6 -3
[ —1 8 4717 [ —1 ]
12. 1 -3 -1 0|l=| 1| Sz=-1y=1landz=1
| 1 -6 -3 ] [0 ] |1
[ -1 8 47[0] [ 8]
13. 1 -3 -1 1| =| -3] Soxr=8,y=—-3and z = —6.
| 1 -6 -3 ][0 ] | —6
[ —1 8 47707 [ 4]
14. 1 -3 -1 0|l=| -1| Sox=4,y=—-1and z= —-3.
|1 -6 -3 ] [1] | -3

16. (a) The adult male Sasquatch needs: 3 servings of Ippizuti Fish, 10 servings of Misty Mush-
rooms, and 15 servings of Sun Berries daily.
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(b) The adult female Sasquatch needs: 3 servings of Ippizuti Fish and 20 servings of Sun
Berries daily. (No Misty Mushrooms are needed!)

(c) The adolescent Sasquatch requires 10 servings of Ippizuti Fish daily. (No Misty Mush-
rooms or Sun Berries are needed!)

1 2 1
17. @ A= 17 33 19
10 19 11

1 2 1 12 42 100 —-23 38 2 6 20 9 19
®) | 17 33 19 1 3 3 39 57|=|91 02 0| v
10 19 11 —12 —42 —-152 —-46 -—-133 7 15 12 5 0

(c) “LOGS RULE’
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2.5 DETERMINANTS AND CRAMER’S RULE

2.5.1 DEFINITION AND PROPERTIES OF THE DETERMINANT

In this section we assign to each square matrix A a real number, called the determinant of A,
which will eventually lead us to yet another technique for solving consistent independent systems
of linear equations. The determinant is defined recursively, that is, we define it for 1 x 1 matrices
and give a rule by which we can reduce determinants of n x n matrices to a sum of determinants
of (n — 1) x (n — 1) matrices.! This means we will be able to evaluate the determinant of a 2 x 2
matrix as a sum of the determinants of 1 x 1 matrices; the determinant of a 3 x 3 matrix as a sum
of the determinants of 2 x 2 matrices, and so forth. To explain how we will take an n x n matrix
and distill from it an (n — 1) x (n — 1), we use the following notation.

Definition 2.12. Given an n x n matrix A where n > 1, the matrix A;; is the (n — 1) x (n — 1)
matrix formed by deleting the ith row of A and the jth column of A.

For example, using the matrix A below, we find the matrix A,; by deleting the second row and
third column of A.

3 12 3 1
A= 0 -1 5 Delete R2 and C3 A23 _ [ )1 :|
2 1 4

We are now in the position to define the determinant of a matrix.

Definition 2.13. Given an n x n matrix A the determinant of A, denoted det(A), is defined as
follows

e If n =1, then A = [a,,] and det(A) = det ([a1,]) = a1;.

e Ifn>1,then A = [a;] . and

nxn

det(A) = det ([CLU] ) = a1 det (All) — Q2 det (Alg) P =oo0 “I’ (_1)1+na1n det (Aln)

nxn

There are two commonly used notations for the determinant of a matrix A: ‘det(A)” and ‘| A/’
We have chosen to use the notation det(A) as opposed to |A| because we find that the latter is
often confused with absolute value, especially in the context of a 1 x 1 matrix. In the expansion
ay det (Ayy) —ap det (Ap)+— ...+ (—1)*"ay, det (A,,), the notation “+ —. . .+ (—1)'""a,,,” means
that the signs alternate and the final sign is dictated by the sign of the quantity (—1)'*". Since the
entries a,;, a;; and so forth up through a,, comprise the first row of A, we say we are finding
the determinant of A by ‘expanding along the first row’. Later in the section, we will develop a
formula for det(A) which allows us to find it by expanding along any row.

Applying Definition 2.13 to the matrix A = [ ;l 1 ] we get

'We will talk more about the term “recursively’ in Section 3.1.
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det(A) = det([g _i)D

= 4det (Au) — (—3) det (A12)
— ddet([1]) + 3det([2))
— 4(1)+3(2)
= 10

For a generic 2 x 2 matrix A= [ CCL Z ] we get

det(4) = det([z ZD

= adet (Au) — bdet (AIZ)
= adet ([d]) — bdet ([¢])
= ad-—bc

This formula is worth remembering

Equation 2.1. For a 2 X 2 matrix,

3
Applying Definition 2.13 to the 3 x 3 matrix A= | 0 -1 5 ] we obtain
2

03]
= saa([ 3 1) o[ 30) ([ 1))

)(— ((0)(4) = (5)(2)) +2((0)(1) = (=1)(2))

det(A) = det(

I
w
i
Ne)
~— =
|
T
—_
(an]
~
+
DN —

= 13

To evaluate the determinant of a 4 x 4 matrix, we would have to evaluate the determinants of four
3 x 3 matrices, each of which involves the finding the determinants of three 2 x 2 matrices. As
you can see, our method of evaluating determinants quickly gets out of hand and many of you
may be reaching for the calculator. There is some mathematical machinery which can assist us in
calculating determinants and we present that here. Before we state the theorem, we need some
more terminology.

Definition 2.14. Let A be an n x n matrix and A;; be defined as in Definition 2.12. The %j minor
of A, denoted M;; is defined by M;; = det (A;;). The ij cofactor of A, denoted C;; is defined by
Cij = (=1)"™ M;; = (—1)"* det (Ay;).
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We note that in Definition 2.13, the sum

ayy det (Ay,) — aypdet (Ag) +— ..o+ (—1)1+"am det (Ayp)

can be rewritten as

au(—l)1Jr1 det (Ay;) + alg(—1)1+2 det (Ay) + ...+ am(—l)1+” det (Ayp)

which, in the language of cofactors is

a1,C11 + a2C15 + ...+ a1,Cipy

We are now ready to state our main theorem concerning determinants.

Theorem 2.7. Properties of the Determinant: Let A = [a;;] .. .

¢ We may find the determinant by expanding along any row. That is, for any 1 < k < n,

det(A) == ak1Ck1 + ak-gck-g + 00 o0 + aknckn
e If A’ is the matrix obtained from A by:
- interchanging any two rows, then det(A’) = — det(A).

- replacing a row with a nonzero multiple (say c) of itself, then det(A’) = cdet(A)

- replacing a row with itself plus a multiple of another row, then det(A’) = det(A)

e If A has two identical rows, or a row consisting of all 0’s, then det(A) = 0.

e If A is upper or lower triangular,” then det(A) is the product of the entries on the main
diagonal.”

e If Bisan n x n matrix, then det(AB) = det(A) det(B).

e det (A™) = det(A)™ for all natural numbers n.

1
det(A)

* Aisinvertible if and only if det(A) # 0. In this case, det (A™1) =

See Exercise 2.3.1 in 2.3.
’See page 90 in Section 2.3.

Unfortunately, while we can easily demonstrate the results in Theorem 2.7, the proofs of most of
these properties are beyond the scope of this text. We could prove these properties for generic 2 x 2
or even 3 x 3 matrices by brute force computation, but this manner of proof belies the elegance and
symmetry of the determinant. We will prove what few properties we can after we have developed
some more tools such as the Principle of Mathematical Induction in Section 3.3.2 For the moment,

For a very elegant treatment, take a course in Linear Algebra. There, you will most likely see the treatment of
determinants logically reversed than what is presented here. Specifically, the determinant is defined as a function
which takes a square matrix to a real number and satisfies some of the properties in Theorem 2.7. From that function, a
formula for the determinant is developed.
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let us demonstrate some of the properties listed in Theorem 2.7 on the matrix A below. (Others
will be discussed in the Exercises.)

3 1 2
A=|0 -1 )
2 1 4

We found det(A) = —13 by expanding along the first row. To take advantage of the 0 in the second
row, we use Theorem 2.7 to find det(A) = —13 by expanding along that row.

3 1 2
det 0 -1 5 - 0021 + (_1)022 + 5023
2 1 4

= (=1)(=1)*"2det (As) + 5(—1)2T3 det (A,)

- -an([33]) s ([3 1))

= —(B)#) = (2)(2)) =5(B3)(1) = (2)(1))
= —8-5
= —-13Vv

In general, the sign of (—1)**/ in front of the minor in the expansion of the determinant follows an
alternating pattern. Below is the pattern for 2 x 2, 3 x 3 and 4 x 4 matrices, and it extends naturally
to higher dimensions.

+ - + -
[+—} - 4+ - +
+ - + -
-+ - +

The reader is cautioned, however, against reading too much into these sign patterns. In the ex-
ample above, we expanded the 3 x 3 matrix A by its second row and the term which corresponds
to the second entry ended up being negative even though the sign attached to the minor is (+).
These signs represent only the signs of the (—1)"*7 in the formula; the sign of the corresponding
entry as well as the minor itself determine the ultimate sign of the term in the expansion of the
determinant.

To illustrate some of the other properties in Theorem 2.7, we use row operations to transform our
3 x 3 matrix A into an upper triangular matrix, keeping track of the row operations, and labeling
each successive matrix.?

3 1 Replace R3 3 1 2 Replace R3 with 3 1 2
eplace eplace W1
0 -1 5 p2—> 0 -1 5 % 0 -1 5
ith —2R1 + R3 1 8 zR24+ R3 13
2 1 4 wi 3 0 3 3 3 0 0 3
B C

*Essentially, we follow the Gauss Jordan algorithm but we don’t care about getting leading 1’s.
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Theorem 2.7 guarantees us that det(A) = det(B) = det(C) since we are replacing a row with
itself plus a multiple of another row moving from one matrix to the next. Furthermore, since
C' is upper triangular, det(C) is the product of the entries on the main diagonal, in this case
det(C) = (3)(—1) () = —13. This demonstrates the utility of using row operations to assist
in calculating determinants. This also sheds some light on the connection between a determinant
and invertibility. Recall from Section 2.4 that in order to find A~!, we attempt to transform A to I,
using row operations

[ A ‘ In } Gauss Jordan Elimination\ [ In ‘ A_l ]

As we apply our allowable row operations on A to put it into reduced row echelon form, the
determinant of the intermediate matrices can vary from the determinant of A by at most a nonzero
multiple. This means that if det(A) # 0, then the determinant of A’s reduced row echelon form
must also be nonzero, which, according to Definition 2.4 means that all the main diagonal entries
on A’s reduced row echelon form must be 1. That is, A’s reduced row echelon form is I,,, and A is
invertible. Conversely, if A is invertible, then A can be transformed into I,, using row operations.
Since det (I,) = 1 # 0, our same logic implies det(A) # 0. Basically, we have established that the
determinant determines whether or not the matrix 4 is invertible.*

It is worth noting that when we first introduced the notion of a matrix inverse, it was in the context
of solving a linear matrix equation. In effect, we were trying to ‘divide’ both sides of the matrix
equation AX = B by the matrix A. Just like we cannot divide a real number by 0, Theorem 2.7
tells us we cannot ‘divide’ by a matrix whose determinant is 0. We also know that if the coefficient
matrix of a system of linear equations is invertible, then system is consistent and independent. It
follows, then, that if the determinant of said coefficient is not zero, the system is consistent and
independent.

2.5.2 CRAMER’S RULE AND MATRIX ADJOINTS

In this section, we introduce a theorem which enables us to solve a system of linear equations by
means of determinants only. As usual, the theorem is stated in full generality, using numbered
unknowns x,, z,, etc., instead of the more familiar letters z, y, 2, etc. The proof of the general case
is best left to a course in Linear Algebra.

Theorem 2.8. Cramer’s Rule: Suppose AX = B is the matrix form of a system of n linear
equations in n unknowns where A is the coefficient matrix, X is the unknowns matrix, and B is
the constant matrix. If det(A) # 0, then the corresponding system is consistent and independent
and the solution for unknowns z,, z,, ...z, is given by:

o det (A])
YT Tget(A)

where A; is the matrix A whose jth column has been replaced by the constants in B.

In words, Cramer’s Rule tells us we can solve for each unknown, one at a time, by finding the
ratio of the determinant of A; to that of the determinant of the coefficient matrix. The matrix A; is

*In Section 2.5.2, we learn determinants (specifically cofactors) are deeply connected with the inverse of a matrix.



124 SYSTEMS OF EQUATIONS AND MATRICES

found by replacing the column in the coefficient matrix which holds the coefficients of x; with the
constants of the system. The following example fleshes out this method.

Example 2.5.1. Use Cramer’s Rule to solve for the indicated unknowns.

2.%‘1 - 3.%2
1. Solve { br,tx, = -2 for x; and z,
2r -3y+z2 = -1
2. Solve r—y+z = 1 forz.
3xr —4z = 0

Solution.

1. Writing this system in matrix form, we find

SEIERE RS E)

To find the matrix A,, we remove the column of the coefficient matrix A which holds the
coefficients of , and replace it with the corresponding entries in B. Likewise, we replace
the column of A which corresponds to the coefficients of x, with the constants to form the

matrix A,. This yields
4 -3 2 4
e e R Y

Computing determinants, we get det(A) = 17, det (4,) = —2 and det (A,) = —24, so that

_det (4)) 2 _ det (A,) 24

T det(4) T 17 T det(4) T 17

The reader can check that the solution to the system is (—%, —%).

2. To use Cramer’s Rule to find z, we identify x; as z. We have

2 -3 1 x ~1 2 -3 -1
A=1|1 -1 1| X=|y| B=| 1| A,=A4,=|1 -1 1
3 0 -4 z 0 3 0 0

Expanding both det(A) and det (A, ) along the third rows (to take advantage of the 0’s) gives

Cdet(4)  -12 6
T det(d) T —10 5

The reader is encouraged to solve this system for « and y similarly and check the answer. [
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Our last application of determinants is to develop an alternative method for finding the inverse of
a matrix.” Let us consider the 3 x 3 matrix A which we so extensively studied in Section 2.5.1

3 1 2
A=1]10 -1 5
2 1 4

We found through a variety of methods that det(A) = —13. To our surprise and delight, its inverse
below has a remarkable number of 13’s in the denominators of its entries. This is no coincidence.

9 2 7

13 @3 13

-1_ | 10 _38 15
AT = 13 13 3
_2 L 3

13 3 13

Recall that to find A~!, we are essentially solving the matrix equation AX = I,, where X = [z;;],. 5
is a 3 x 3 matrix. Because of how matrix multiplication is defined, the first column of I is the
product of A with the first column of X, the second column of I; is the product of A with the
second column of X and the third column of I; is the product of A with the third column of X. In

other words, we are solving three equations®
Ty i 1 L2 0 L3 0
A Toq = O A Too - 1 A Tog - 0
x31 0 1‘32 0 1'33 1

We can solve each of these systems using Cramer’s Rule. Focusing on the first system, we have

(11 2 31 2 3 1 1
A=]10 -1 5| A4=[005| 4=|0 -1 0
0 1 4 2 0 4 2 1 0

If we expand det (A,) along the first row, we get

det (A,) = det([_i iD—det<[8 i])”det([g _”>
()

Amazingly, this is none other than the C, cofactor of A. The reader is invited to check this, as well
as the claims that det (A,) = C,, and det (A4;) = C,5.” (To see this, though it seems unnatural to do
so, expand along the first row.) Cramer’s Rule tells us

det (4,) Ch det (A,) O det (A43) Cis

det(A) — det(A) "7 det(A)  det(A)’ T det(A)  det(A)

Ty =

We are developing a method in the forthcoming discussion. As with the discussion in Section 2.4 when we developed
the first algorithm to find matrix inverses, we ask that you indulge us.

®The reader is encouraged to stop and think this through.

’In a solid Linear Algebra course you will learn that the properties in Theorem 2.7 hold equally well if the word
‘row” is replaced by the word ‘column’. We’re not going to get into column operations in this text, but they do make
some of what we're trying to say easier to follow.
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So the first column of the inverse matrix X is:

Cu
det(A)
iu B o B 1 gn
21 | = = 12
o, det(A) det(A) o
Cis
L det(A)

Notice the reversal of the subscripts going from the unknown to the corresponding cofactor of A.
This trend continues and we get

T12 1 021 T3 1 031
La2 = Ca Ta3 = Cs,
det(A det(A
T32 ¢ ( ) Cos L33 ¢ ( ) Cas

Putting all of these together, we have obtained a new and surprising formula for A1, namely

) 1 011 021 031
= C12 022 C:sz
et ] o, ¢, o,

To see that this does indeed yield A~1 we find all of the cofactors of A

C'11 = _97 CQI = _27 031 = 7

012 = 107 022 = 87 032 = 15

013 = 2; 023 = _17 033 = -3

And, as promised,

9 2 7
1 Ci Cy Cy 1 -9 -2 7 13 13 13
-1 _ _ _ 10 8 15
— det(A) 012 022 032 —_ _E 10 8 _15 —_ _T3 _T3 ﬁ
013 023 033 2 _1 _3 2 L i

13 13 13

To generalize this to invertible n x n matrices, we need another definition and a theorem. Our
definition gives a special name to the cofactor matrix, and the theorem tells us how to use it along
with det(A) to find the inverse of a matrix.

Definition 2.15. Let A be an n x n matrix, and C;; denote the ij cofactor of A. The adjoint of
A, denoted adj(A) is the matrix whose ij-entry is the ji cofactor of A, Cj;. That is

Cll CQ]_ ... Onl

C Cy ... Cy
adj(A) _ .12 .22 . 2

Co, Cy ... Chn

This new notation greatly shortens the statement of the formula for the inverse of a matrix.
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Theorem 2.9. Let A be an invertible n x n matrix. Then

1
~ det(A)

adj(A)

For 2 x 2 matrices, Theorem 2.9 reduces to a fairly simple formula.

Equation 2.2. For an invertible 2 x 2 matrix,

a b0 1 d —b
{c d] _ad—bc[—c a}
The proof of Theorem 2.9 is, like so many of the results in this section, best left to a course in
Linear Algebra. In such a course, not only do you gain some more sophisticated proof techniques,
you also gain a larger perspective. The authors assure you that persistence pays off. If you stick
around a few semesters and take a course in Linear Algebra, you'll see just how pretty all things
matrix really are - in spite of the tedious notation and sea of subscripts. Within the scope of this
text, we will prove a few results involving determinants in Section 3.3 once we have the Principle

of Mathematical Induction well in hand. Until then, make sure you have a handle on the mechanics
of matrices and the theory will come eventually.
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2.5.3 EXERCISES

In Exercises 1 - 8, compute the determinant of the given matrix. (Some of these matrices appeared

in Exercises 1 - 8 in Section 2.4.)

[ 12 -7
[z 22
B'Q__l 256]
4 6
5. F =1 3 4
1 2
i
7.V=1]-1 0
9 —4

—2

6.

SYSTEMS OF EQUATIONS AND MATRICES

In Exercises 9 - 14, use Cramer’s Rule to solve the system of linear equations.

9 3z +Ty =
| b+ 12y =
11. Ty
0.03x + 0.05y
rT+y+z
13. 2 —y+ =2
-3z 4+ 5y + 7z

26
39

10.

8000
950 12.
3
0 14.
7

In Exercises 15 - 16, use Cramer’s Rule to solve for xz,.

T, — Ty
2T, — x4
T, — 225 + T3
—I3+ Xy

15.

= O O

16.

6 15
¢ = 14 35
1 In(z)
3 3
I — x T
3 1—3lIn(x)
R -
1 2 3
G=|2 3 11
| 3 4 19
1 0 -3 0
2 =2 8 7
- H = -5 0 16 0O
1 0 4 1
20 —4y = 5
10z +13y = —6
27—y = 1
6r+T7y = 3
3r+y—2z = 10
dr—y+2z = 5
r—3y—4z = -1
4o, +x, =
LU2—31133 =
10$1+$3+$4 =
_$2+$3 — -

W O =
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In Exercises 17 - 18, find the inverse of the given matrix using their determinants and adjoints.

17.

19.

20.

21.

22.

23.

24.

25.

4 6 -3
B:[_lé _;] 18. F=|3 4 -3
1 2 6

Carl’s Sasquatch Attack! Game Card Collection is a mixture of common and rare cards.
Each common card is worth $0.25 while each rare card is worth $0.75. If his entire 117 card
collection is worth $48.75, how many of each kind of card does he own?

How much of a 5 gallon 40% salt solution should be replaced with pure water to obtain 5
gallons of a 15% solution?

How much of a 10 liter 30% acid solution must be replaced with pure acid to obtain 10 liters
of a 50% solution?

Daniel’s Exotic Animal Rescue houses snakes, tarantulas and scorpions. When asked how
many animals of each kind he boards, Daniel answered: “We board 49 total animals, and I
am responsible for each of their 272 legs and 28 tails.” How many of each animal does the
Rescue board? (Recall: tarantulas have 8 legs and no tails, scorpions have 8 legs and one tail,
and snakes have no legs and one tail.)

This exercise is a continuation of Exercise 16 in Section 2.4. Just because a system is consistent
independent doesn’t mean it will admit a solution that makes sense in an applied setting.
Using the nutrient values given for Ippizuti Fish, Misty Mushrooms, and Sun Berries, use
Cramer’s Rule to determine the number of servings of Ippizuti Fish needed to meet the
needs of a daily diet which requires 2500 calories, 1000 grams of protein, and 400 milligrams
of Vitamin X. Now use Cramer’s Rule to find the number of servings of Misty Mushrooms
required. Does a solution to this diet problem exist?

-7 3 1 -5 11 2 -3 15
=7 3] s=[1 8] w2 oanaa [ 2 5]

(a) Show that det(RS) = det(R) det(S)
(b) Show that det(7") = — det(R)
(c) Show that det(U) = —3 det(S)

For M, N, and P below, show that det(M) = 0, det(/N) = 0 and det(P) = 0.

123 123 1 2 3
M=|l0oo0oo0o|, N=|123]|, P=|-2 -4 -6
78 9 45 6 7 8 9
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26. Let A be an arbitrary invertible 3 x 3 matrix.

(a) Show that det(I;) = 1. (See footnote® below.)
(b) Using the facts that AA~! = I3 and det(AA™!) = det(A) det(A~!), show that

1

det(A™) = det(A)

The purpose of Exercises 27 - 30 is to introduce you to the eigenvalues and eigenvectors of a
matrix.” We begin with an example using a 2x 2 matrix and then guide you through some exercises
using a 3 x 3 matrix. Consider the matrix

6 15
C_{M 35]

from Exercise 2. We know that det(C') = 0 which means that CX = 0,, does not have a unique
solution. So there is a nonzero matrix Y with C'Y" = 0,4,. In fact, every matrix of the form

5
—3¢
t

is a solution to C X = 0,,, so there are infinitely many matrices such that CX = 0,,. But consider
the matrix

Y =

3
X41 - I 7 ]
It is NOT a solution to CX = 0,x,, but rather,
6 15 3] [ 123 3
CX‘“_[M 35] [7_ B _287]_41[7]
In fact, if Z is of the form
5. "
z- |7
t

then
3 123 3
6 15 7t =t 7t
CZ = = =41 — 417
[14 35Ht] [41t t

for all t. The big question is “How did we know to use 41?”

We need a number A such that CX = AX has nonzero solutions. We have demonstrated that A = 0
and A = 41 both worked. Are there others? If we look at the matrix equation more closely, what

81f you think about it for just a moment, you’ll see that det(I,,) = 1 for any natural number n. The formal proof of
this fact requires the Principle of Mathematical Induction (Section 3.3) so we'll stick with n = 3 for the time being.

°This material is usually given its own chapter in a Linear Algebra book so clearly we’re not able to tell you every-
thing you need to know about eigenvalues and eigenvectors. They are a nice application of determinants, though, so
we’re going to give you enough background so that you can start playing around with them.



2.5 DETERMINANTS AND CRAMER’S RULE 131

we really wanted was a nonzero solution to (C' — A\l,) X = 0,x, which we know exists if and only
if the determinant of C' — A1, is zero.!? So we computed

6— A\ 15

det(C—AL)zdet([ 14 35— )

D =(6—N)(35—A) —14-15 =A% — 41\

This is called the characteristic polynomial of the matrix C' and it has two zeros: A = 0 and
A = 41. That’s how we knew to use 41 in our work above. The fact that A = 0 showed up as one
of the zeros of the characteristic polynomial just means that C' itself had determinant zero which
we already knew. Those two numbers are called the eigenvalues of C. The corresponding matrix
solutions to CX = AX are called the eigenvectors of C' and the ‘vector” portion of the name will
make more sense after you've studied vectors.

Now it’s your turn. In the following exercises, you'll be using the matrix G from Exercise 6.

1 2 3
G=12 3 11
3 4 19

27. Show that the characteristic polynomial of G is p(A) = —A(A — 1)(A — 22). That is, compute
det (G — \Is).

28. Let G, = G. Find the parametric description of the solution to the system of linear equations
given by GX = 0;xs.

29. Let G, = G — I;. Find the parametric description of the solution to the system of linear
equations given by G, X = 03x;. Show that any solution to G, X = 034 also has the property
that GX = 1X.

30. Let Gy, = G — 221;. Find the parametric description of the solution to the system of linear
equations given by G5, X = 0;x3. Show that any solution to G2, X = 0;4; also has the
property that GX = 22X.

19Think about this.
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2.5.4 ANSWERS

1.

3.

11.

13.

15.

17.

18.

19.
20.
21.
22.
23.

det(B) =1 2. det(C) =0
det(Q) = 22 4 det(L) = ~
e =z . de =
det(F) = —12 6. det(G) =0
det(V') = 20i + 435 + 4k 8. det(H) = -2
r=39, y=-13 10.30:%,3/:—%
x = 7500, y = 500 12.2=0 y=-%2
r=1,y=2 2=0 14.x:%, :%,z:f%
Ty = 4 16. Ty = -1
3 7
1
B7=15 12
r _5 7 1
2 2 2
-1 _ 7 9 1
Fl=| 1 -1 -1
_1 1 1
L —6 6 6
Carl owns 78 common cards and 39 rare cards.

3.125 gallons.
2—70 ~ 2.85 liters.
The rescue houses 15 snakes, 21 tarantulas and 13 scorpions.

Using Cramer’s Rule, we find we need 53 servings of Ippizuti Fish to satisfy the dietary
requirements. The number of servings of Misty Mushrooms required, however, is —1120.
Since it’s impossible to have a negative number of servings, there is no solution to the ap-
plied problem, despite there being a solution to the mathematical problem. A cautionary
tale about using Cramer’s Rule: just because you are guaranteed a mathematical answer for
each variable doesn’t mean the solution will make sense in the ‘real” world.
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2.6 PARTIAL FRACTION DECOMPOSITION

This section uses systems of linear equations to rewrite rational functions in a form more palatable
to Calculus students. In College Algebra, the function

2
¢ —x—6
xTr = —————- 1

@) =" ®
is written in the best form possible to construct a sign diagram and to find zeros and asymptotes,
but certain applications in Calculus require us to rewrite f(z) as

z+7 1 6
=i s e @
If we are given the form of f(x) in (2), it is a matter of Intermediate Algebra to determine a com-
mon denominator to obtain the form of f(z) given in (1). The focus of this section is to develop
a method by which we start with f(z) in the form of (1) and ‘resolve it into partial fractions’ to
obtain the form in (2). Essentially, we need to reverse the least common denominator process.
Starting with the form of f(z) in (1), we begin by factoring the denominator
> —2-6 2>—2-6

i 22 22 (x241)

We now think about which individual denominators could contribute to obtain x> (x2 + 1) as
the least common denominator. Certainly 22 and 22 + 1, but are there any other factors? Since
22 + 1 is an irreducible quadraticl, there are no factors of it that have real coefficients which can
contribute to the denominator. The factor 22, however, is not irreducible, since we can think of it as
22 = 2z = (z — 0)(z — 0), a so-called ‘repeated’ linear factor.” This means it’s possible that a term
with a denominator of just = contributed to the expression as well. What about something like
T (mQ + 1) ? This, too, could contribute, but we would then wish to break down that denominator

into z and (x2 + 1), so we leave out a term of that form. At this stage, we have guessed

2?-z-6 z2-z-6 7 7 ?
4 2T 2 (g2 =T 3T 3
¥+ x x?(x?2+1) =« a2 22+
Our next task is to determine what form the unknown numerators take. It stands to reason that
2
since the expression “ - f;f is “‘proper’ in the sense that the degree of the numerator is less than the
degree of the denominator, we are safe to make the that all of the partial fraction resolvents
are also. This means that the numerator of the fraction with x as its denominator is just a constant
and the numerators on the terms involving the denominators z? and z? + 1 are at most linear

polynomials. That is, we guess that there are real numbers A, B, C, D and F so that

2 —x—6 xQ—x—()’_é Bx+C Dx+ FE

i 22 22(2241) =z x2 2 +1
However, if we look more closely at the term BatC e see that B2fC = Bz 4 € — B 4L C The
X X X X xX X
term % has the same form as the term % which means it contributes nothing new to our expansion.

Hence, we drop it and, after re-labeling, we find ourselves with our new guess:

!Recall this means it has no real zeros.
Recall this means x = 0 is a zero of multiplicity 2.


http://en.wikipedia.org/wiki/Ansatz
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$2—$—6_.%'2—$—6_é E Cx+D

ri+a?  22(2241) z 0 22 a2+1

Our next task is to determine the values of our unknowns. Clearing denominators gives
x2—:p—6:Ax(932+1)+B(1:2+1) + (Cx + D)a?
Gathering the like powers of « we have
22—z -6=(A+C)*+ (B+ D)2’ + Az + B

In order for this to hold for all values of = in the domain of f, we equate the coefficients of corre-
sponding powers of z on each side of the equation® and obtain the system of linear equations

(F1) A+C = 0 From equating coefficients of 3
(F2) B+D = 1 From equating coefficients of 2
(E3) A = -1 From equating coefficients of
(E4) B —6 From equating the constant terms

To solve this system of equations, we could use any of the methods presented in Sections 2.1
through 2.5, but none of these methods are as efficient as the good old-fashioned substitution you
learned in Intermediate Algebra. From E3, we have A = —1 and we substitute this into £1 to get
C = 1. Similarly, since F4 gives us B = —6, we have from E2 that D = 7. We get

2 —x—6 2 —x—6 1 6 x+7

w22 222241 oz 2?2?41

which matches the formula given in (2). As we have seen in this opening example, resolving a
rational function into partial fractions takes two steps: first, we need to determine the form of the
decomposition, and then we need to determine the unknown coefficients which appear in said
form. Real Factorization Theorem guarantees that any polynomial with real coefficients can be
factored over the real numbers as a product of linear factors and irreducible quadratic factors.
Once we have this factorization of the denominator of a rational function, the next theorem tells
us the form the decomposition takes. You are encouraged to review the Factor Theorem and its
connection to the role of multiplicity to fully appreciate the statement of the following theorem.

*We will justify this shortly.
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N
Theorem 2.10. Suppose R(z) = Dg; is a rational function where the degree of N (x) less than

the degree of D(z) and N(z) and D(z) have no common factors.”

¢ If ais a real zero of D of multiplicity m which corresponds to the linear factor azx + b, the
partial fraction decomposition includes

A, n A, o Am
ar+b (ax+0)?2 7 (ax+b)™

for real numbers A,, A,, ... A,,.

e If o is a non-real zero of D of multiplicity m which corresponds to the irreducible
quadratic az? + bz + ¢, the partial fraction decomposition includes

B,x+ C, B,x + C, B,x+ Cp,
ar? +br+c  (ax?+br+c)®  (aa? +bzr+c)"

for real numbers B,, B,, ... B,, and C,, C,, ...C,,.

“In other words, R(x) is a proper rational function which has been fully reduced.

The proof of Theorem 2.10 is best left to a course in Abstract Algebra. Notice that the theorem pro-
vides for the general case, so we need to use subscripts, 4,, A,, etc., to denote different unknown
coefficients as opposed to the usual convention of A, B, etc.. The stress on multiplicities is to help
us correctly group factors in the denominator. For example, consider the rational function

3z —1
(2 —=1)(2—z —2?)

Factoring the denominator to find the zeros, we get (z + 1)(z — 1)(1 — 2)(2 + x). Wefind z = —1

and x = —2 are zeros of multiplicity one but that x = 1 is a zero of multiplicity two due to the two

different factors (z — 1) and (1 — x). One way to handle this is to note that (1 — z) = —(z — 1) so
3z —1 3z —1 1-3x

(z4+D(z—-1)1-2)24+2) —(z—-12x+D)(+2) (z—1)2(z+1)(z+2)

from which we proceed with the partial fraction decomposition

1—-3=z A B C D

G102+ )@+2) o-1 (@—12 z+1 712

Turning our attention to non-real zeros, we note that the tool of choice to determine the irreducibil-
ity of a quadratic az? + bx + c is the discriminant, b* — 4ac. If b — 4ac < 0, the quadratic admits a
pair of non-real complex conjugate zeros. Even though one irreducible quadratic gives two distinct
non-real zeros, we list the terms with denominators involving a given irreducible quadratic only
once to avoid duplication in the form of the decomposition. The trick, of course, is factoring the
denominator or otherwise finding the zeros and their multiplicities in order to apply Theorem
2.10. Next, we state a theorem that if two polynomials are equal, the corresponding coefficients
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of the like powers of z are equal. This is the principal by which we shall determine the unknown
coefficients in our partial fraction decomposition.

Theorem 2.11. Suppose

anX” + ap_ 2"+ Faxta,=bpz™ Mgz by b+ by

for all z in an open interval I. Thenn = mand a; = b; foralli =1...n.

Believe it or not, the proof of Theorem 2.11 is a consequence of Complex Factorization Theorem.
Define p(z) to be the difference of the left hand side of the equation in Theorem 2.11 and the right
hand side. Then p(z) = 0 for all = in the open interval I. If p(x) were a nonzero polynomial of
degree k, then, by Complex Factorization Theorem, p could have at most k£ zeros in I, and k is a
finite number. Since p(x) = 0 for all the x in I, p has infinitely many zeros, and hence, p is the zero
polynomial. This means there can be no nonzero terms in p(z) and the theorem follows. Arguably,
the best way to make sense of either of the two preceding theorems is to work some examples.

Example 2.6.1. Resolve the following rational functions into partial fractions.

T+5 3 3
1. R(z) = — 272 2. SR B . S
() 202 —x —1 R(z) x3— 222+ 2 3. R(x) -2+
423 3+ 5r—1 82
4:. R — . = . e —
() xZ2 -2 5. R(z) xt +6x24+9 6. R(z) x4+ 16

Solution.

1. We begin by factoring the denominator to find 222 —z — 1 = (22 + 1)(z — 1). We getz = —1
and z = 1 are both zeros of multiplicity one and thus we know

r+5 z+5 A N B
202 —2—1 (2z+1)(z—1) 22+1 z-1

Clearing denominators, we get x+5 = A(z—1)+B(2z+1) so thatz+5 = (A+2B)x+B— A.
Equating coefficients, we get the system

A+2B = 1
~“A+B =

This system is readily handled using the Addition Method from Section 2.1, and after adding
both equations, we get 3B = 6 so B = 2. Using back substitution, we find A = —3. Our
answer is easily checked by getting a common denominator and adding the fractions.

r+5 - 2 3
22 —x—1 -1 2x+1

2. Factoring the denominator gives z* — 22 + z = 2 (2? — 22 + 1) = z(x — 1)? which gives
x = 0 as a zero of multiplicity one and = = 1 as a zero of multiplicity two. We have
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3. _ 3 _A B C
w3 —2024+z z2x-12 2 z-1 (r—1)2

Clearing denominators, we get 3 = A(z — 1)? + Bx(xz — 1) + Cx, which, after gathering up
the like terms becomes 3 = (A + B)z? + (=24 — B + C)x + A. Our system is

A+B = 0
—2A-B+C = 0
A =3

Substituting A = 3 into A + B = 0 gives B = —3, and substituting both for A and B in
—2A — B + C = 0 gives C' = 3. Our final answer is

3 .3 3 3
3 —-222+r x -1 (v-—1)2

3. The denominator factors as z (z? — z + 1). We see immediately that z = 0 is a zero of mul-
tiplicity one, but the zeros of 22 — z + 1 aren’t as easy to discern. The quadratic doesn’t
factor easily, so we check the discriminant and find it to be (—1)% — 4(1)(1) = -3 < 0. We
find its zeros are not real so it is an irreducible quadratic. The form of the partial fraction
decomposition is then

3 3 A Bx +C

-2+ z@2-2+1) =z 22-z+1

Proceeding as usual, we clear denominators and get 3 = A (2 —z + 1) + (Bz + C)z or
3=(A+ B)z? + (-A+ C)x + A. We get

A+B = 0
—-A+C =0
A =3

FromA=3and A+ B=0,weget B= —3. From —A+C =0,weget C = A = 3. We get

3 3 3— 3z

B—x24+x 1 2—x+1

4. Since -3* isn’t proper, we use long division and we get a quotient of 4z with a remainder of
. 3 . . . .
8z. That is, ff_ 5 = 4z + m§f2 so we now work on resolving m§f2 into partial fractions. The

quadratic 2% — 2, though it doesn’t factor nicely, is, nevertheless, reducible. Solving z? — 2 =
0 gives us # = #1/2, and each of these zeros must be of multiplicity one since Complex
Factorization Theorem enables us to now factor 22 — 2 = (z — v/2) (z + v/2). Hence,

8x 8x A B

P2 (1 VD) (@tv2) VI iR
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Clearing fractions, we get 8z = A (z 4+ v2) + B (z — v2) or 8z = (A + B)z + (A — B)V2.
We get the system

A+B = 8
L =

From (A — B)v2 = 0, we get A = B, which, when substituted into A + B = 8 gives B = 4.
Hence, A = B = 4 and we get

SIS T S
2 -2 x2 -2 T+vV2 x—+2

At first glance, the denominator D(x) = x*+ 62249 appears irreducible. However, D(z) has

three terms, and the exponent on the first term is exactly twice that of the second. Rewriting

D(z) = (a:2)2 + 622 + 9, we see it is a quadratic in disguise and factor D(z) = (2% + 3)2.

Since z2 + 3 clearly has no real zeros, it is irreducible and the form of the decomposition is

3+ 5x—1 x3—|—5x—1_Aa:+B Cx+ D

at+622+9  (2243)2 22+3 +(x2+3)2

When we clear denominators, we find 2° + 52 — 1 = (Az + B) (2* + 3) + Cz + D which
yields 2® 4+ 52 — 1 = Az3 + Ba? + (34 + C)z + 3B + D. Our system is

A =

B =
3A+C =
3B+D = -

I A S Rt

We have A = 1 and B = 0 from which we get C' = 2 and D = —1. Our final answer is

3+ 5z —1 T 2x — 1

x4+6x2+9_a:2+3+($2+3)2

Once again, the difficulty in our last example is factoring the denominator. In an attempt to
get a quadratic in disguise, we write

ot +16 = (m2)2 +42% = (932)2 + 822 + 4% — 822 = (m2 +4)2 — 82

and obtain a difference of two squares: (22 + 4)” and 822 = (235\/5)2. Hence,

zt 416 = (ZE2—|—4—21L“\[2) <x2—|—4—|—2$\/§> = (a:2—2a:\@+4) (9:24—295\[24—4)

The discrimant of both of these quadratics works out to be —8 < 0, which means they are
irreducible. We leave it to the reader to verify that, despite having the same discriminant,
these quadratics have different zeros. The partial fraction decomposition takes the form
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82 82 Ax + B Cx+D

= +
4 4+ 16 (x2—2x\/§+4)(x2+2xﬁ+4) 22— 222 +4 22+ 222+ 4

We get 822 = (Az + B) (2% + 22v2 + 4) 4+ (Cz + D) (2 — 22v2 +4) or

822 = (A+ 0)z® + (2AV2 + B — 2CV2 4 D)a? 4+ (4A + 2BV2 + 4C — 2DV?2)x + 4B + 4D

which gives the system

A+C
2A4vV2+ B —2CV2+ D
4A +2BV2 +4C —2DV2 =
4B+ 4D =

o O oo O

We choose substitution as the weapon of choice to solve this system. From A 4+ C = 0, we
get A= —C; from 4B + 4D = 0, we get B = —D. Substituting these into the remaining two
equations, we get

—20V2-D—-2CvV2+D = 8
—4C —2D\2+4C —2DV2 = 0

or

{—40\/5 = 8
—4DV2 = 0

We get C' = —v2sothat A= —C = v/2and D = 0 which means B = —D = 0. We get

82 _ /2 7 V2
zr+16 22— 22v2+4 224 22V2+4
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2.6.1 EXERCISES

In Exercises 1 - 6, find only the form needed to begin the process of partial fraction decomposition.
Do not create the system of linear equations or attempt to find the actual decomposition.

1.

3.

5.

7 ’ S5t +4
(z =3)(z +95) Ca(z—-2)(2- 1)
m 4 az® 4+ bx + ¢
(72 = 6)(2* +9) " 235+ 9)(Bx2+Tx+9
( ) )
A polynomial of degree < 9 A polynomial of degree <7
(x +4)5(x2 +1)2 " z(4x — 1)%(2? + 5)(922 + 16)

In Exercises 7 - 18, find the partial fraction decomposition of the following rational expressions.

7.

11.

13.

15.

17.

19.

2x —T7x + 43
2 —1 3224192 — 14
1122 — 52 — 10 10 —222 + 20x — 68

5x3 — b2 T3+ 4x?+4x+ 16

—22415 1 2122+ 12— 16
4z + 40x2 + 36 T 3x3 4422 -3z +2
5t — 34x3 + 7022 — 332 — 19 1 20 + 525 + 162* + 8023 — 222 + 62 — 43
(x —3)? ' 23 + 522 + 162 + 80

—7x% — T6x — 208 16 —10z* + 2% — 1922+ 2 — 10
23 + 1822 4+ 108z + 216 ) 0 4+ 213 + &

423 — 922 4+ 122 + 12 18 222 + 3x + 14
x* — 423 + 822 — 16z + 16 " (224224 9)(a+ 2 +5)

As we stated at the beginning of this section, the technique of resolving a rational function
into partial fractions is a skill needed for Calculus. However, we hope to have shown you
that it is worth doing if, for no other reason, it reinforces a hefty amount of algebra. One of
the common algebraic errors the authors find students make is something along the lines of

8 8
2 -9 " z2

Think about why if the above were true, this section would have no need to exist.



10.

11.

12.

13.

14.

15.

16.
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2.6.2 ANSWERS
A N B 5 AJr B N C
r—3 x+5 o oz—2  (z—2)?
A Bx+C A B C D Ex+ F
4. =+ S+ =
7$—6+$2+9 $+x2+x3+5x+9 3x2+Tx+9
A N B N c N D N E +Fx+G+Hx+I
z+4  (x+4)?2 (x+4)3 (z+4)* (44> 22+1  (22+41)?
é+ B n C +D:U+E+Fx+G
r 4drx—1 (4x—1)2 2245  922+16
20 1 N 1
2—-1 z4+1 z-1
—Tzx+43 5 4
3224+ 192 — 14  3x—-2 z+7
11x2—5x—10_3+2 4
523 —5z2 w22 5(xz—1)
—20*4+200-68 9 L Te—8
w3 4+4x2 +4x+16  z+4 2244
—z2+15 1 3
4ot + 4022436 2(22+1) 4(z2+9)
—2lz?+2z—-16 6 3z 45
3x3 +422 —3x+2  x+2 322-2z+1
5xt — 342 4 7022 — 332 — 19 9 1
=522 —4x +1 —
(x — 3)? v T +x—3 (x — 3)2
28 + 525 4+ 162* + 8023 — 222 + 62 — 43 3 z+1 3
:x J—
3 + 522 + 162 + 80 2416 x+5
—Ta® —T6x-208 7 N 8 4
2341822 + 1082 +216 2+6 (x+6)2 (z+6)3
—102* + 2% — 1927 + 2 — 10 0, t =
5+ 223+ oz 22+l (22+1)2
43 — 922 + 120 + 12 1 N 4 3z +1

17.

18.

4P 482 — 160416 -2 (222 2244

222 + 3x + 14 1 1

(2422 +9)(22 +z+5) _932+29:+9+x2—|—93+5
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2.7 SYSTEMS OF NON-LINEAR EQUATIONS AND INEQUALITIES

In this section, we study systems of non-linear equations and inequalities. Unlike the systems of
linear equations for which we have developed several algorithmic solution techniques, there is
no general algorithm to solve systems of non-linear equations. Moreover, all of the usual hazards
of non-linear equations like extraneous solutions and unusual function domains are once again
present. Along with the tried and true techniques of substitution and elimination, we shall often
need equal parts tenacity and ingenuity to see a problem through to the end. You may find it
necessary to review topics throughout the text which pertain to solving equations involving the
various functions we have studied thus far. To get the section rolling we begin with a fairly routine
example.

Example 2.7.1. Solve the following systems of equations. Verify your answers algebraically and
graphically.

{ 2+ = 4 3 {x2+y2 = 4

422 + 9y = 36 y—2x = 0
42 —9y? = 36 ' y—xz2 = 0

SOLUTION:

1. Since both equations contain 2 and y? only, we can eliminate one of the variables as we did
in Section 2.1.

(E1) 2% + y2 = 4 Replace E2 with (E1) 2+ y2 — 4
—
(B2) 42”+9y*> = 36 —4E1 + E2 (E2) 5y2 = 20

From 5y = 20, we get y°> = 4 or y = +2. To find the associated = values, we substitute each
value of y into one of the equations to find the resulting value of z. Choosing 22 + y? = 4,
we find that for both y = —2 and y = 2, we get z = 0. Our solution is thus {(0, 2), (0, —2)}.
To check this algebraically, we need to show that both points satisfy both of the original
equations. We leave it to the reader to verify this. To check our answer graphically, we
sketch both equations and look for their points of intersection. The graph of 2% + y? = 4isa
circle centered at (0, 0) with a radius of 2, whereas the graph of 422 + 9y? = 36, when written
in the standard form %2 + % = 1 is easily recognized as an ellipse centered at (0,0) with a
major axis along the z-axis of length 6 and a minor axis along the y-axis of length 4. We see
from the graph that the two curves intersect at their y-intercepts only, (0, £2).

2. We proceed as before to eliminate one of the variables

(E1) 2?2+ y2 = 4 Replace E2 with (E1) 2+ y2 — 4
—_—
(B2) 42°-9y* = 36 —4E1 4 B2 (B2) —13y2 = 20

Since the equation —13y? = 20 admits no real solution, the system is inconsistent. To verify
this graphically, we note that 2> + y> = 4 is the same circle as before, but when writing
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the second equation in standard form, % - % = 1, we find a hyperbola centered at (0, 0)

opening to the left and right with a transverse axis of length 6 and a conjugate axis of length
4. We see that the circle and the hyperbola have no points in common.

NV VAN

2?2+ = 4
422 — 9> = 36

?2+y? = 4

Graphs for { 12192 = 36

Graphs for {

3. Since there are no like terms among the two equations, elimination won’t do us any good.
We turn to substitution and from the equation y — 22 = 0, we get y = 2x. Substituting this
into 22 + y? = 4 gives 22 + (2x)? = 4. Solving, we find 52% = 4 or v = :l:%. Returning

to the equation we used for the substitution, y = 2z, we find y = % when z = QT‘/g, SO

one solution is <2T\/37 4T‘/5) Similarly, we find the other solution to be (—%, —%). We
leave it to the reader that both points satisfy both equations, so that our final answer is

{(%ﬁ, 4T\/5> , (—27*/3, —%) } The graph of 22 4+ y? = 4 is our circle from before and the

graph of y — 22 = 0 is a line through the origin with slope 2. Though we cannot verify the
numerical values of the points of intersection from our sketch, we do see that we have two
solutions: one in Quadrant I and one in Quadrant III as required.

4. While it may be tempting to solve y — 2> = 0 as y = 22 and substitute, we note that this
system is set up for elimination.!

(El) z? + y2 = 4 Replace E2 with (El) 2+ y2 — 4
—
(E2) y—22 = 0 Fl+ E2 (B2) 4y = 4

From y? +y = 4 we get y? +y—4 = 0 which gives y = %ﬁ Due to the complicated nature
of these answers, it is worth our time to make a quick sketch of both equations to head off
any extraneous solutions we may encounter. We see that the circle 2% + y* = 4 intersects
the parabola y = z? exactly twice, and both of these points have a positive y value. Of the

two solutions for y, only y = _l%ﬁ is positive, so to get our solution, we substitute this
into y — 22 = 0 and solve for z. We get & = 4/ =17 — iiﬁgz\m. Our solution is
{ ( Y —2—52\@’ —1+2\/ﬁ> , <— v —2—52ﬁ’ _1+2‘/ﬁ> }, which we leave to the reader to verify.

!We encourage the reader to solve the system using substitution to see that you get the same solution.
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Vak N

22 4?2 =
Yy —2x

I
o

Graphs for {

O]

A couple of remarks about Example 2.7.1 are in order. First note that, unlike systems of linear
equations, it is possible for a system of non-linear equations to have more than one solution with-
out having infinitely many solutions. In fact, while we characterize systems of nonlinear equations
as being ‘consistent” or ‘inconsistent,” we generally don’t use the labels ‘dependent’ or ‘indepen-
dent’. Secondly, as we saw with number 4, sometimes making a quick sketch of the problem
situation can save a lot of time and effort. While in general the curves in a system of non-linear
equations may not be easily visualized, it sometimes pays to take advantage when they are. Our
next example provides some considerable review of many of the topics introduced in this text.

Example 2.7.2. Solve the following systems of equations. Verify your answers algebraically and
graphically, as appropriate.

1 2?2 +22y—16 = 0 5 y+4e? = 1 2x—=2) = =z
"l Y2422y —16 = 0 T P42 = 1 3. yz = y
(r—2)2+y%> = 1

Solution.

1. At first glance, it doesn’t appear as though elimination will do us any good since it’s clear
that we cannot completely eliminate one of the variables. The alternative, solving one of the
equations for one variable and substituting it into the other, is full of unpleasantness. Re-
turning to elimination, we note that it is possible to eliminate the troublesome xy term, and
the constant term as well, by elimination and doing so we get a more tractable relationship
between x and y

(B1) 22 +2xy— 16 0 Replace E2 with (E1) 2?2 +2ry—16 = 0
R
(E2) y*+2zy—16 = 0 —El + E2 (E2) -2 = 0

We get y? — 22 = 0 or y = +x. Substituting y = x into E1 we get 2 + 22% — 16 = 0 so that

2 _ 16

r°=Forx= j:‘lgﬁ. On the other hand, when we substitute y = —z into E'1, we get x?—

222 — 16 = 0 or 22 = —16 which gives no real solutions. Substituting each of z = i% into
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the substitution equation y = z yields the solution { <4—‘3/§, #) ) (—%‘/g, —%) } We leave

it to the reader to show that both points satisfy both equations and now turn to verifying our
solution graphically. We begin by solving z% + 22y — 16 = 0 for y to obtain y = 1 2 This
function is easily graphed. Solving the second equation, y? + 2zy — 16 = 0, for y, however, is
more complicated. We use the quadratic formula to obtain y = —x + vz + 16 which would
require the use of Calculus or a calculator to graph. Believe it or not, we don’t need either
because the equation y? + 2zy — 16 = 0 can be obtained from the equation 2% + 2zy — 16 = 0
by interchanging y and x. This means we can obtain the graph of y* + 2zy — 16 = 0 by
reflecting the graph of 2 + 2xy — 16 = 0 across the line y = z. Doing so confirms that the
two graphs intersect twice: once in Quadrant I, and once in Quadrant III as required.

,\4y

AN

s s s
t t t
—4AN\~3 -2 -1

The graphs of 2 + 2xy — 16 = 0 and y2 + 2zy — 16 = 0

2. Unlike the previous problem, there seems to be no avoiding substitution and a bit of alge-
braic unpleasantness. Solving y+4e?* = 1 for y, we get y = 1—4¢%* which, when substituted
into the second equation, yields (1 — 4¢2%)® 4 2¢ = 1. After expanding and gathering like
terms, we get 16e** — 8¢?* + 2¢” = 0. Factoring gives us 2e” (8¢3* — 4e” + 1) = 0, and since
2e” # 0 for any real z, we are left with solving 8e3% — 4¢% + 1 = 0. We have three terms,
and even though this is not a ‘quadratic in disguise’, we can benefit from the substitution
u = €”. The equation becomes 8u® — 4u + 1 = 0. We find u = 1 is a zero and use synthetic
division to factor the left hand side as (u — %) (8u? 4 4u — 2). We use the quadratic formula

to solve 8u? + 4u — 2 = 0 and find u = %‘/‘F’. Since u = €%, we now must solve e* = % and
et = %‘/5. From e® = 1, we getz = In () = —In(2). As for e® = %‘/5, we first note
that _1%‘/5 < 0,s0e* = _1%‘/5 has no real solutions. We are left with e* = %‘/5, so that
x =In <_1%‘/5) We now return to y = 1 — 4¢%? to find the accompanying y values for each
of our solutions for z. For x = —In(2), we get
y = 1—4e**

- 1— 46721n(2)

— 1 —4e(3)

= 1-4(3)

=0
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Forz =1n (_11“/5), we have

y = 1—4e*
- 1 _4e2ln(7711\/5)
_14v5)2
_ g ()
= 1-4 7*12\/5>2
= 1-4(305

_  —1+V5
- 2

We get two solutions, {(0, —1In(2)), (111 (—11-\/5) , _13‘/5) } It is a good review of the prop-
erties of logarithms to verify both solutions, so we leave that to the reader. We are able to
sketch y = 1 — 4e?® using transformations, but the second equation is more difficult and
we resort to the calculator. We note that to graph y* + 2¢” = 1, we need to graph both the
positive and negative roots, y = ++/1 — 2¢*. After some careful zooming,? we get

cklo Intgrseckion
=" BIELNTE V=N f=-1.1/4288 -Y= 61B0:298 -

The graphs of y = 1 — 4e** and y = ++/1 — 2€Z.

Our last system involves three variables and gives some insight on how to keep such systems
organized. Labeling the equations as before, we have

E1 2x—2) = =z
E2 Yz =y
E3 (z—2)2+¢y? 1

The easiest equation to start with appears to be £2. While it may be tempting to divide both
sides of E2 by y, we caution against this practice because it presupposes y # 0. Instead, we
take F2 and rewrite it as yz — y = 0 so y(z — 1) = 0. From this, we get two cases: y = 0 or
z = 1. We take each case in turn.

CASE 1: y = 0. Substituting y = 0 into E'1 and E3, we get

El z(x—-2) = =z
{Eg (x—2)? = 1

*The calculator has trouble confirming the solution (— In(2),0) due to its issues in graphing square root functions.
If we mentally connect the two branches of the thicker curve, we see the intersection.
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Solving E3 for x gives x = 1 or x = 3. Substituting these values into E1 gives 2 = —1 when
x =1and z = 3 when x = 3. We obtain two solutions, (1,0, —1) and (3,0, 3).

CASE 2: z = 1. Substituting z = 1 into E'1 and E3 gives us

E1l (1)(z —2) x
{E3 (1-22+¢% = 1

Equation E1 gives us ¢ — 2 = z or —2 = 0, which is a contradiction. This means we have
no solution to the system in this case, even though E3 is solvable and gives y = 0. Hence,
our final answer is {(1,0, —1), (3,0, 3)}. These points are easy enough to check algebraically
in our three original equations, so that is left to the reader. As for verifying these solutions
graphically, they require plotting surfaces in three dimensions and looking for intersection
points. While this is beyond the scope of this book, we provide a snapshot of the graphs of
our three equations near one of the solution points, (1,0, —1).

O]

Example 2.7.2 showcases some of the ingenuity and tenacity mentioned at the beginning of the
section. Sometimes you just have to look at a system the right way to find the most efficient
method to solve it. Sometimes you just have to try something.

We close this section discussing how non-linear inequalities can be used to describe regions in the
plane. Before we embark on some examples, a little motivation is in order. Suppose we wish to
solve 22 < 4—y?2. If we mimic the algorithms for solving nonlinear inequalities in one variable, we
would gather all of the terms on one side and leave a 0 on the other to obtain 2% +y% — 4 < 0. Then
we would find the zeros of the left hand side, that is, where is 2> +y?—4 = 0, or 22 +y? = 4. Instead
of obtaining a few numbers which divide the real number line into intervals, we get an equation of
a curve, in this case, a circle, which divides the plane into two regions - the ‘inside” and ‘outside” of
the circle - with the circle itself as the boundary between the two. Just like we used test values to
determine whether or not an interval belongs to the solution of the inequality, we use test points
in the each of the regions to see which of these belong to our solution set.> We choose (0,0) to
represent the region inside the circle and (0, 3) to represent the points outside of the circle. When
we substitute (0,0) into 2% + y*? — 4 < 0, we get —4 < 4 which is true. This means (0, 0) and all the
other points inside the circle are part of the solution. On the other hand, when we substitute (0, 3)

3The theory behind why all this works is, surprisingly, the same theory which guarantees that sign diagrams work
the way they do - continuity and the Intermediate Value Theorem - but in this case, applied to functions of more than
one variable.
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into the same inequality, we get 5 < 0 which is false. This means (0, 3) along with all other points
outside the circle are not part of the solution. What about points on the circle itself? Choosing
a point on the circle, say (0,2), we get 0 < 0, which means the circle itself does not satisfy the
inequality.* As a result, we leave the circle dashed in the final diagram.

The solution to 2% < 4 — /2

We put this technique to good use in the following example.

Example 2.7.3. Sketch the solution to the following nonlinear inequalities in the plane.

1.y?—4<z<y+2 2 z2+y? >
Tl 2?2 -22+92 -2y < O

Solution.

1. The inequality y*> — 4 < z < y + 2 is a compound inequality. It translates as y> —4 < z
and z < y + 2. As usual, we solve each inequality and take the set theoretic intersection
to determine the region which satisfies both inequalities. To solve y? — 4 < z, we write
y> — 2 —4 < 0. The curve y?> — x — 4 = 0 describes a parabola since exactly one of the

variables is squared. Rewriting this in standard form, we get y*> = z + 4 and we see that the

vertex is (—4, 0) and the parabola opens to the right. Using the test points (—5,0) and (0, 0),

we find that the solution to the inequality includes the region to the right of, or “inside’,

the parabola. The points on the parabola itself are also part of the solution, since the vertex

(—4,0) satisfies the inequality. We now turn our attention to z < y + 2. Proceeding as before,

we write z — y — 2 < 0 and focus our attention on x — y — 2 = 0, which is the line y = = — 2.

Using the test points (0,0) and (0, —4), we find points in the region above the line y = z — 2

satisfy the inequality. The points on the line y = z — 2 do not satisfy the inequality, since

the y-intercept (0, —2) does not. We see that these two regions do overlap, and to make the
graph more precise, we seek the intersection of these two curves. That is, we need to solve
the system of nonlinear equations

{(El) y? = z+4
(E2) y = z-—2

Solving F1 for z, we get = y*> — 4. Substituting this into E2 gives y = y? — 4 — 2, or
y> —y—6=0. We find y = —2 and y = 3 and since = = y* — 4, we get that the graphs
intersect at (0, —2) and (5, 3). Putting all of this together, we get our final answer below.

* Another way to see this is that points on the circle satisfy z* + y*> — 4 = 0, so they do not satisfy 2 + y* — 4 < 0.
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-3 -3l
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=+ ~<3 1

y?—4<z r<y+2 yP—4<z<y+?2

2. To solve this system of inequalities, we need to find all of the points (z,y) which satisfy

both inequalities. To do this, we solve each inequality separately and take the set theoretic
intersection of the solution sets. We begin with the inequality 22 + y* > 4 which we rewrite
as 2% +y*—4 > 0. The points which satisfy 2% +y? —4 = 0 form our friendly circle 2% +y* = 4.
Using test points (0,0) and (0, 3) we find that our solution comprises the region outside the
circle. As far as the circle itself, the point (0, 2) satisfies the inequality, so the circle itself
is part of the solution set. Moving to the inequality 2% — 2z + y? — 2y < 0, we start with
2?2 — 2z + y? — 2y = 0. Completing the squares, we obtain (z — 1)? + (y — 1)? = 2, which is
a circle centered at (1, 1) with a radius of v/2. Choosing (1,1) to represent the inside of the
circle, (1,3) as a point outside of the circle and (0,0) as a point on the circle, we find that
the solution to the inequality is the inside of the circle, including the circle itself. Our final
answer, then, consists of the points on or outside of the circle z2 4+ y?> = 4 which lie on or
inside the circle (x — 1)? + (y — 1)? = 2. To produce the most accurate graph, we need to find
where these circles intersect. To that end, we solve the system

(E1) +y? = 4
(E2) 22 -22+y*> -2y = 0

We can eliminate both the 22 and y? by replacing E2 with —E1 + E2. Doing so produces
—2x — 2y = —4. Solving this for y, we get y = 2 — x. Substituting this into E'1 gives
22 + (2 — x)? = 4 which simplifies to 2% + 4 — 4z + 2? = 4 or 22> — 42 = 0. Factoring yields
2z(x — 2) which gives ¢ = 0 or z = 2. Substituting these values into y = 2 — z gives the
points (0,2) and (2,0). The intermediate graphs and final solution are below.

'Y @ D

22 +y? >4 22 =2z +y* —2y <0 Solution to the system.
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2.7.1 EXERCISES

In Exercises 1 - 6, solve the given system of nonlinear equations. Sketch the graph of both equa-
tions on the same set of axes to verify the solution set.

-y = 4 2?2+ = 4 2?2+ = 16
1. 2 2 2. 2 _ 3 2 2
>ty = 4 zr—y = 5 162° + 4y = 64
A 2 +y2 = 16 5 2 +9y? = 16 6 2?2 +9% = 16
T 922 — 16y = 144 TSP ga? = 1 : r—y = 2

In Exercises 9 - 15, solve the given system of nonlinear equations. Use a graph to help you avoid
any potential extraneous solutions.

22—y =1 ve+l—y = 0 r+2y2 = 2
7- 2 2 8. 2 2 9- 2 2
¥ 4+4yr = 4 ¥ 4+4yr = 4 ¢ 4+4y* = 4
92 .2 2., .2 _ 2,2 _
10. (x 22) ~|—y2 1 11Tty 25 1. , x +y2 25
x +4yc = 4 y—z = 1 z*+(y—3)° = 10
2, .2
_ 3 2 _ x4y = 25
13. { vo- m;ffwg 14. { ) S 15.{ 422-9y = 0
vo= vore= 3>~ 16z = 0

16. A certain bacteria culture follows the Law of Uninbited Growth. After 10 minutes, there
are 10,000 bacteria. Five minutes later, there are 14,000 bacteria. How many bacteria were
present initially? How long before there are 50,000 bacteria?

Consider the system of nonlinear equations below

4 3
2 = 1
roy

2
3.2 _
roy

If weletu = % and v = %then the system becomes

du+3v = 1
u+2v = -1

This associated system of linear equations can then be solved using any of the techniques pre-

sented earlier in the chapter to find thatu = —5and v ="7. Thusz =2 = —landy =1 = 1.

We say that the original system is linear in form because its equations are not linear but a few
substitutions reveal a structure that we can treat like a system of linear equations. Each system in
Exercises 17 - 19 is linear in form. Make the appropriate substitutions and solve for z and y.
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17.

20.
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423 +3y = 1 1, { et 3 = 1 19 dln(z) +3y*> = 1
3d+2y = -1 Tl 3e" 42V = —1 " 3ln(z) +2y* = -1
Solve the following system

2%+ /Y + logy(2)
3% — 2/y +2logy(z) = 5
—52% + 3,/y + 4logy(z) = 13

In Exercises 21 - 26, sketch the solution to each system of nonlinear inequalities in the plane.

27.

28.

29.

22—y < 1 249y < 25
: 2 2 22. 2 2
¥ +4y? > 4 z+(y—3)° > 10
(r—2)2+9% < 1 y > 10z — 22
2 2 24 3
x+ 4yt < 4 y < x° +8
{ r42y% > 2 {x2+y2 > 25
2 2 26.
rr+4y < 4 y—xz < 1
Systems of nonlinear equations show up in third semester Calculus in the midst of some

really cool problems. The system below came from a problem in which we were asked to
find the dimensions of a rectangular box with a volume of 1000 cubic inches that has minimal
surface area. The variables z, y and z are the dimensions of the box and ) is called a Lagrange
multiplier. With the help of your classmates, solve the system.”

2042z = dyz
20+ 2z = Az
20+2x = Azy

zyz = 1000

The polynomial p(x) = x*+4 can be factored into the product linear and irreducible quadratic
factors. In this exercise, we present a method for obtaining that factorization.

(a) Show that p has no real zeros.

(b) Because p has no real zeros, its factorization must be of the form (2 +ax+b)(z2+cz+d)
where each factor is an irreducible quadratic. Expand this quantity and gather like
terms together.

(c) Create and solve the system of nonlinear equations which results from equating the
coefficients of the expansion found above with those of z* + 4. You should get four
equations in the four unknowns a, b, c and d. Write p(z) in factored form.

Factor q(z) = z* + 622 — 5z + 6.

°If using A bothers you, change it to w when you solve the system.
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2.7.2 ANSWERS

1. (£2,0), (£V3,-1) 2. No solution
v

4. (£4,0)

8. (0,1) 9. (0,£1), (2,0)
11. (3,4), (—4,-3) 12. (43,4)
13. (=4, -56), (1,9), (2,16)  14. (=2,2), (2,-2) 15. (3,4)

16. Initially, there are 2290% ~ 5102 bacteria. It will take 5112((;1%)5 ) ~ 33.92 minutes for the colony

to grow to 50,000 bacteria.
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17. (—v/5,49) 18. No solution 19. (e7%,£V/7)

20. (1,4,8), (—1,4,8)

?—y® <
21. { 2o S

1 2 T
2 x
—14
2 2., .2 >
25. 9§+2y2 > 2 2. ¢ty > 25
e +4yc < 4 y—rv < 1

27. =10, y =10, z=10,A = 2

28. () ' +4 = (22— 22 +2)(2? + 22+ 2)
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29. 2* + 622 —5x+6= (22— 2+ 1)(2% + 2+ 6)
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CHAPTER 3

SEQUENCES AND THE BINOMIAL
THEOREM

3.1 SEQUENCES

When we first introduced a function as a special type of relation, we did not put any restrictions
on the domain of the function. All we said was that the set of z-coordinates of the points in the
function F is called the domain, and it turns out that any subset of the real numbers, regardless
of how weird that subset may be, can be the domain of a function. It is worth your time to go
back through the text to see that the domains of the polynomial, rational, exponential, logarithmic
and algebraic functions discussed thus far have fairly predictable domains which almost always
consist of just a collection of intervals on the real line. This may lead some readers to believe that
the only important functions in a College Algebra text have domains which consist of intervals and
everything else was just introductory nonsense. In this section, we introduce sequences which are
an important class of functions whose domains are the set of natural numbers.! Before we get to
far ahead of ourselves, let’s look at what the term ‘sequence’ means mathematically. Informally,
we can think of a sequence as an infinite list of numbers. For example, consider the sequence

1 39
L L 1
=03 ®

As usual, the periods of ellipsis, .. ., indicate that the proposed pattern continues forever. Each of
the numbers in the list is called a term, and we call % the ‘first term’, —% the ‘second term’, % the
‘third term” and so forth. In numbering them this way, we are setting up a function, which we’ll
call a per tradition, between the natural numbers and the terms in the sequence.

Recall that this is the set {1,2,3,...}.
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n || a(n)
L3
| 3
s 3
4| -

In other words, a(n) is the n! term in the sequence. We formalize these ideas in our definition of
a sequence and introduce some accompanying notation.

Definition 3.1. A sequence is a function a whose domain is the natural numbers. The value
a(n) is often written as a,, and is called the n term of the sequence. The sequence itself is
usually denoted using the notation: a,, n > 1 or the notation: {a,} - ;.

Applying the notation provided in Definition 3.1 to the sequence given (1), we have a, = %,
ay = —%, as; = % and so forth. Now suppose we wanted to know a,,, that is, the 117" term
in the sequence. While the pattern of the sequence is apparent, it would benefit us greatly to
have an explicit formula for a,. Unfortunately, there is no general algorithm that will produce
a formula for every sequence, so any formulas we do develop will come from that greatest of
teachers, experience. In other words, it is time for an example.

Example 3.1.1. Write the first four terms of the following sequences.

Fn—1 (71)/{}
1' n — 7 Z 1 2. b == ’ k Z
= "gn " TR VL
14 (1)1~

3. {2n — 1}, 4. {*()}

v i=2
5.0, =7, an1=2—ap,n>1 6. fo=1,fn=n-fo_,n>1

Solution.

1. Since we are given n > 1, the first four terms of the sequence are a,, a,, a; and a,. Since
the notation a, means the same thing as a(1), we obtain our first term by replacing every

1 M 1_1 . . .
occurrence of n in the formula for a,, withn = 1to geta, = 531 = % Proceeding similarly,
_5 1 _5 , 51 _ 2 _ 51 _ 125
wegeta, = %3 =5, a5 = “g5- = gy and a, = g0 = 7

2. For this sequence we have k > 0, so the first four terms are b,, b, b, and b;. Proceeding as
before, replacing in this case the variable k& with the appropriate whole number, beginning

. 710 711 1 712 713 1
with 0, we get b, = ﬁ =1,b = ﬁ = —3,b0, = 2((2)11 = %andb:s:% = —z.

(This sequence is called an alternating sequence since the signs alternate between + and —.
The reader is encouraged to think what component of the formula is producing this effect.)
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3. From {2n — 1} 2 ,, wehave thata, =2n—1,n > 1. Wegeta, = 1,a, =3,a; = 5and a, = 7.
(The first four terms are the first four odd natural numbers. The reader is encouraged to
examine whether or not this pattern continues indefinitely.)

4. Here, we are using the letter 7 as a counter, not as the imaginary unit. Proceeding as before,

we set a; = w,i >2. Wefinda,=1,a;=0,a, = %amola5 =0.

5. To obtain the terms of this sequence, we start with a, = 7 and use the equation a,+, =2 —a,
for n > 1 to generate successive terms. When n = 1, this equation becomes a, , , = 2 — a,
which simplifies to a, = 2—a, = 2—7 = —5. Whenn = 2, the equation becomes a, , , = 2—a,
sowe geta; = 2 —a, = 2— (—=5) = 7. Finally, whenn = 3, we getas,, = 2 — a3 so
a,=2—a;=2—7=—-5.

6. As with the problem above, we are given a place to start with f, = 1 and given a formula
to build other terms of the sequence. Substituting n = 1 into the equation f,, = n - f,,—,, we
getfi=1-f,=1-1=1. Advancington = 2, weget f, =2-f, = 2-1 = 2. Finally,
f3=3-f,=3-2=6. O

Some remarks about Example 3.1.1 are in order. We first note that since sequences are functions,
we can graph them in the same way we graph functions. For example, if we wish to graph the
sequence {by },-, from Example 3.1.1, we graph the equation y = b(k) for the values k > 0. That s,
we plot the points (k, b(k)) for the values of k£ in the domain, £ = 0, 1, 2, .. .. The resulting collection
of points is the graph of the sequence. Note that we do not connect the dots in a pleasing fashion
as we are used to doing, because the domain is just the whole numbers in this case, not a collection
of intervals of real numbers.

ST
AN
+—o—+

—_ N
N
—e 4
o

|
[SI)
h

=D o

Graphi =b, =
raphing y = by M1 "2

Speaking of {b;};-, the astute and mathematically minded reader will correctly note that this
technically isn’t a sequence, since according to Definition 3.1, sequences are functions whose do-
mains are the natural numbers, not the whole numbers, as is the case with {bk}iozo. In other words,
to satisfy Definition 3.1, we need to shift the variable k so it starts at £ = 1 instead of k = 0. To
see how we can do this, it helps to think of the problem graphically. What we want is to shift the
graph of y = b(k) to the right one unit. We can accomplish this by replacing k with & — 1 in the

definition of {by},—,. Specifically, let ¢, = by_, where k —1 > 0. We get ¢, = 2((;;1;:1 = (;i)fl_ 1,
where now k > 1. We leave to the reader to verify that {c; },—, generates the same list of numbers
as does {bk}zozo, but the former satisfies Definition 3.1, while the latter does not. Like so many
things in this text, we acknowledge that this point is pedantic and join the vast majority of authors

who adopt a more relaxed view of Definition 3.1 to include any function which generates a list of
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numbers which can then be matched up with the natural numbers.? Finally, we wish to note the
sequences in parts 5 and 6 are examples of sequences described recursively. In each instance, an
initial value of the sequence is given which is then followed by a recursion equation — a formula
which enables us to use known terms of the sequence to determine other terms. The terms of the
sequence in part 6 are given a special name: f, = n!is called n-factorial. Using the ‘! notation,
we can describe the factorial sequence as: 0! = 1 and n! = n(n—1)! for n > 1. After 0! = 1 the next
four terms, written out in detail,are1! =1-0!=1-1=1,2! =2.11=2.-1=2,3! =321 =3.2.1 =6
and 4! =4-3!=4-3-2-1 = 24. From this, we see a more informal way of computing n!, which is
n!l=n-(n—1)-(n—2)---2-1with 0! = 1 as a special case. (We will study factorials in greater detail
in Section 3.4.) The world famous are defined recursively and are explored in
the exercises. While none of the sequences worked out to be the sequence in (1), they do give us
some insight into what kinds of patterns to look for. Two patterns in particular are given in the
next definition.

Definition 3.2. Arithmetic and Geometric Sequences: Suppose {a, },-, is a sequence’

e If there is a number d so that a,,, = a, + d for all n > k, then {a,},, is called an

arithmetic sequence. The number d is called the common difference.

e If there is a number r so that a,,, = ra, for all n > k, then {a,},~ , is called a geometric

sequence. The number r is called the common ratio.

“Note that we have adjusted for the fact that not all ‘sequences’ begin at n = 1.

Both arithmetic and geometric sequences are defined in terms of recursion equations. In English,
an arithmetic sequence is one in which we proceed from one term to the next by always adding
the fixed number d. The name ‘common difference’ comes from a slight rewrite of the recursion
equation from a,, = a, + d to a,,, — a, = d. Analogously, a geometric sequence is one in which
we proceed from one term to the next by always multiplying by the same fixed number 7. If r # 0,
we can rearrange the recursion equation to get “Z—:l = r, hence the name ‘common ratio.” Some

sequences are arithmetic, some are geometric and some are neither as the next example illustrates.’

Example 3.1.2. Determine if the following sequences are arithmetic, geometric or neither. If arith-
metic, find the common difference d; if geometric, find the common ratio r.

5n—l (_1)k
1. ap = n>1 2. by = k>
= "gn " TS
1 39 27
{2n — 11 4, — —— - ——, ...
3 {n }n:I 25 4785 165

Solution. A good rule of thumb to keep in mind when working with sequences is “When in doubt,
write it out!” Writing out the first several terms can help you identify the pattern of the sequence
should one exist.

1. From Example 3.1.1, we know that the first four terms of this sequence are £, 2, 2 and 122,

To see if this is an arithmetic sequence, we look at the successive differences of terms. We

*We're basically talking about the ‘countably infinite’ subsets of the real number line when we do this.
3Sequences which are both arithmetic and geometric are discussed in the Exercises.


http://en.wikipedia.org/wiki/Fibonacci_number
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find that a, — a, = g — % = % and a; — a, = % — % = é—g. Since we get different numbers,
there is no ‘common difference” and we have established that the sequence is not arithmetic.
To investigate whether or not it is geometric, we compute the ratios of successive terms. The

first three ratios

Qs 5 5  as = 5} a, 125 9

G _ 9 _ 2 9 _ 3 _ 9 g M_ s
=92 =2 = = = =

a, % 3 a, g 3 as % 3

suggest that the sequence is geometric. To prove it, we must show that a;—:l = r for all n.

5(n+1)—1
apyr - 3okl 5" 3" 5
an T gn—l T 3ntl ’ gn—1 "~ g
3n

This sequence is geometric with common ratio r = %

2. Again, we have Example 3.1.1 to thank for providing the first four terms of this sequence:
1, —%, é and —%. We find b, — b, = —% and b,—b, = %. Hence, the sequence is not arithmetic.
To see if it is geometric, we compute Z—é = —% and g—f = —%. Since there is no ‘common ratio,’
we conclude the sequence is not geometric, either.

3. Aswesaw in Example 3.1.1, the sequence {2n — 1}° | generates the odd numbers: 1,3,5,7,.. ..
Computing the first few differences, we find a, — a, = 2, a3 — a, = 2, and a, — a3 = 2. This
suggests that the sequence is arithmetic. To verify this, we find

pyr—an=02n+1)—-1)—2n—-1)=2n+2-1-2n+1=2

This establishes that the sequence is arithmetic with common difference d = 2. To see if it is
geometric, we compute % = 3 and Z—z = % Since these ratios are different, we conclude the
sequence is not geometric.

4. We met our last sequence at the beginning of the section. Given that a, — a, = —2 and
a3 — Gy = %, the sequence is not arithmetic. Computing the first few ratios, however, gives
us 2 = -3, - = —2 and o= —3. Since these are the only terms given to us, we assume that

the pattern of ratios continue in this fashion and conclude that the sequence is geometric. []

We are now one step away from determining an explicit formula for the sequence given in (1). We
know that it is a geometric sequence and our next result gives us the explicit formula we require.

Equation 3.1. Formulas for Arithmetic and Geometric Sequences:
¢ An arithmetic sequence with first term a and common difference d is given by

ap=a+(n—-1)d, n>1

¢ A geometric sequence with first term a and common ratio r # 0 is given by

an = ar”_l, n>1




162 SEQUENCES AND THE BINOMIAL THEOREM

While the formal proofs of the formulas in Equation 3.1 require the techniques set forth in Section
3.3, we attempt to motivate them here. According to Definition 3.2, given an arithmetic sequence
with first term a and common difference d, the way we get from one term to the next is by adding
d. Hence, the terms of the sequence are: a, a + d, a + 2d, a + 3d, .... We see that to reach the nth
term, we add d to a exactly (n — 1) times, which is what the formula says. The derivation of the
formula for geometric series follows similarly. Here, we start with a and go from one term to the
next by multiplying by r. We get a, ar, ar?, ar® and so forth. The nth term results from multiplying
a by r exactly (n — 1) times. We note here that the reason r = 0 is excluded from Equation 3.1 is
to avoid an instance of 0° which is an indeterminant form. With Equation 3.1 in place, we finally
have the tools required to find an explicit formula for the nth term of the sequence given in (1). We

know from Example 3.1.2 that it is geometric with common ratio r = —3. The first term is a = £

2
so by Equation 3.1 we get a, = ar" 1 = 1 (—%)"_1 for n > 1. After a touch of simplifying, we get

n—1
an = (_?’2)” for n > 1. Note that we can easily check our answer by substituting in values of n

and seeing that the formula generates the sequence given in (1). We leave this to the reader. Our
next example gives us more practice finding patterns.

Example 3.1.3. Find an explicit formula for the n term of the following sequences.

1. 0.9,0.09,0.009,0.0009,... o 24 2 2 31 .24 _ 8
5073 T T 1319

Solution.

1. Although this sequence may seem strange, the reader can verify it is actually a geometric

sequence with common ratio r = 0.1 = 1—10. Witha = 0.9 = %, we get a, = % (%)n*1 for

n > 0. Simplifying, we get a,, = 10%, n > 1. There is more to this sequence than meets the
eye and we shall return to this example in the next section.

2. As the reader can verify, this sequence is neither arithmetic nor geometric. In an attempt to
find a pattern, we rewrite the second term with a denominator to make all the terms appear

as fractions. We have %, %, —%, —%, .... If we associate the negative “—" of the last two terms
with the denominators we get %, %, —%v %7, .... This tells us that we can tentatively sketch

out the formula for the sequence as a, = % where d,, is the sequence of denominators.
Looking at the denominators 5,1, —3, -7, ..., we find that they go from one term to the next
by subtracting 4 which is the same as adding —4. This means we have an arithmetic sequence
on our hands. Using Equation 3.1 with a = 5 and d = —4, we get the nth denominator by
the formula d, = 5+ (n — 1)(—4) = 9 — 4n for n > 1. Our final answer is a, = 52—, n > 1.
3. The sequence as given is neither arithmetic nor geometric, so we proceed as in the last prob-

lem to try to get patterns individually for the numerator and denominator. Letting ¢,, and d,,

denote the sequence of numerators and denominators, respectively, we have a,, = *. Af-
n

ter some experimentation,* we choose to write the first term as a fraction and associate the

negatives ‘—’ with the numerators. This yields %, _72, %, I—g, .... The numerators form the
sequence 1, —2,4, —8, ... which is geometric witha = 1 and r = —2, so we get ¢,, = (—2)n L,

for n > 1. The denominators 1,7,13,19,... form an arithmetic sequence with a = 1 and

*Here we take ‘experimentation’ to mean a frustrating guess-and-check session.
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d = 6. Hence, we getd,, = 1+ 6(n —1) = 6n — 5, for n > 1. We obtain our formula for

Y ) for n > 1. We leave it to the reader to show that this checks out. O

an = 4, 6n—5 7

While the last problem in Example 3.1.3 was neither geometric nor arithmetic, it did resolve into
a combination of these two kinds of sequences. If handed the sequence 2,5, 10,17,..., we would
be hard-pressed to find a formula for a,, if we restrict our attention to these two archetypes. We
said before that there is no general algorithm for finding the explicit formula for the nth term of a
given sequence, and it is only through experience gained from evaluating sequences from explicit
formulas that we learn to begin to recognize number patterns. The pattern 1,4,9, 16, ... is rather
recognizable as the squares, so the formula a,, = n2n > 1 may not be too hard to determine.
With this in mind, it’s possible to see 2,5,10, 17, ... as the sequence 1 + 1,4+ 1,9+ 1,16 +1,...,
so that a,, = n? + 1, n > 1. Of course, since we are given only a small sample of the sequence, we
shouldn’t be too disappointed to find out this isn’t the only formula which generates this sequence.
For example, consider the sequence defined by b, = —in* + 3n3 — 3n2 4 2y — 5 n > 1. The
reader is encouraged to verify that it also produces the terms 2, 5,10, 17. In fact, it can be shown
that given any finite sample of a sequence, there are infinitely many explicit formulas all of which
generate those same finite points. This means that there will be infinitely many correct answers to
some of the exercises in this section.” Just because your answer doesn’t match ours doesn’t mean
it's wrong. As always, when in doubt, write your answer out. As long as it produces the same
terms in the same order as what the problem wants, your answer is correct.

Sequences play a major role in the Mathematics of Finance. Recall that if we invest P dollars at
an annual percentage rate r and compound the interest n times per year, the formula for A, the
amount in the account after k compounding periods, is Ay = P (1 + %)k =[P(1+L)](1+ %)k_l,
k > 1. We now spot this as a geometric sequence with first term P (1 + £) and common ratio
(1+ Z). In retirement planning, it is seldom the case that an investor deposits a set amount of
money into an account and waits for it to grow. Usually, additional payments of principal are
made at regular intervals and the value of the investment grows accordingly. This kind of invest-
ment is called an annuity and will be discussed in the next section once we have developed more

mathematical machinery.

5For more on this, see


http://www.math.kent.edu/~white/papers/pattern.pdf
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3.1.1 EXERCISES

In Exercises 1 - 13, write out the first four terms of the given sequence.

j(i+1)
1 on _ 1 0 2. d;= (-1, j>1
. Ap = - an

n2+1)1%
3. {bk — 2} 4. { }
' n+1 n=0
5. {:UZ}OO 6. {ln(”) }Oo
n n=1 n n=1
-
7.0, =3,ap41 =0an—1,n>1 8. dy=12,d,, = ,m>1
100
Ci-
9. by =2, bpgy =3bp +1,k>1 10. ¢g= —2,¢j= — 2, j>1
11. a, =117, apt+, = i, n>1 12, 89 =1, 4y = 2™ 45,0 >0
ap
13. F,=1,F, =1, F, = Fy-, + Fy-,, n > 2 (This is the famous )

In Exercises 14 - 21 determine if the given sequence is arithmetic, geometric or neither. If it is
arithmetic, find the common difference d; if it is geometric, find the common ratio .

14. {3n—5}7, 15. ap=n?+3n+2,n>1
111 1 1"
16. =, =, —, —, ... 17. -
o 35 12 2 {3 <5> }
n=1
18. 17,5, -7, —-19, ... 19. 2,22,222,2222, ...
n!
20. 0.9, 9,90, 900, ... 21. a, = E’n > 0.

In Exercises 22 - 30, find an explicit formula for the n term of the given sequence. Use the
formulas in Equation 3.1 as needed.

11 1 2 4 8
22.3579,... B. 15,5 241,552

21 4 11 1 e L
25.1,% = 2 2. 1,-,—, —, ... 27 g,
> 1333 6 L1916 VTR Ty
28. 0.9,0.99,0.999,0.9999. ...  29. 27,64,125,216, . .. 30. 1,0,1,0,. ..

31. Find a sequence which is both arithmetic and geometric. (Hint: Start with a,, = ¢ for all n.)

32. Show that a geometric sequence can be transformed into an arithmetic sequence by taking
the natural logarithm of the terms.


http://en.wikipedia.org/wiki/Fibonacci_number
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33.

34.

35.

36.

Thomas Robert Malthus is credited with saying, “The power of population is indefinitely
greater than the power in the earth to produce subsistence for man. Population, when
unchecked, increases in a geometrical ratio. Subsistence increases only in an arithmetical
ratio. A slight acquaintance with numbers will show the immensity of the first power in
comparison with the second.” (See this for more information.) Discuss this quote
with your classmates from a sequences point of view.

This classic problem involving sequences shows the power of geometric sequences. Suppose
that a wealthy benefactor agrees to give you one penny today and then double the amount
she gives you each day for 30 days. So, for example, you get two pennies on the second day
and four pennies on the third day. How many pennies do you get on the 30" day? What is
the total dollar value of the gift you have received?

Research the terms ‘arithmetic mean” and ‘geometric mean.” With the help of your class-
mates, show that a given term of a arithmetic sequence ay, £ > 2 is the arithmetic mean of
the term immediately preceding, aj,_, it and immediately following it, as,,. State and prove
an analogous result for geometric sequences.

Discuss with your classmates how the results of this section might change if we were to
examine sequences of other mathematical things like complex numbers or matrices. Find an
explicit formula for the n™ term of the sequence i, —1, —i, 1,4, .... List out the first four terms


http://en.wikipedia.org/wiki/Malthus
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3.1.2 ANSWERS

1.

3.

11.

13.

14.

16.

18.

20.

22.

25.

28.

0,1,3,7

3,8,13,18

3,2,1,0

2,7,22,67

117, 11, 117, 1=

1,1,2,3

arithmetic, d = 3

geometric, r = 3

arithmetic, d = —12

geometric, r = 10

ap=1+2n, n>1
n

ap = a1, N> 1

10" -1
ap = ~gm> N 2 1
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10. —

12.

15.
17.
19.

21.

23. an = (-3,

26. an:#,n21

29. ap = (n+2)3 n>1

. 12,0.12,0.0012,0.000012

9 1 _1 _ 1
v 37 367 720

Le+1l,224+z+ 1,23+ +2+1

neither

geometric, r = 1

neither

neither

n>1 2. a, =2 n>1
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3.2 SUMMATION NOTATION

In the previous section, we introduced sequences and now we shall present notation and theorems
concerning the sum of terms of a sequence. We begin with a definition, which, while intimidating,
is meant to make our lives easier.

Definition 3.3. Summation Notation: Given a sequence {a,},- , and numbers m and p satis-

fying k < m < p, the summation from m to p of the sequence {a,} is written

D
Zan:am+am+1+...+ap

n=m
The variable n is called the index of summation. The number m is called the lower limit of
summation while the number p is called the upper limit of summation.

In English, Definition 3.3 is simply defining a short-hand notation for adding up the terms of the
sequence {a,} -, from a,, through a,. The symbol ¥ is the capital Greek letter sigma and is
shorthand for ‘sum’. The lower and upper limits of the summation tells us which term to start
with and which term to end with, respectively. For example, using the sequence a,, = 2n — 1 for
n > 1, we can write the sum a; + a, + a5 + aq as

6

Y @n-1) = (23) -1+ (2(4) — 1)+ (2(5) = 1) + (2(6) — 1)
n=3
= 54+7+9+11
= 32
The index variable is considered a ‘dummy variable” in the sense that it may be changed to any
letter without affecting the value of the summation. For instance,

6 6 6

den-1)=> (2k-1)=> (2j-1)

n=3 k=3 =3
One place you may encounter summation notation is in mathematical definitions. For example,
summation notation allows us to define polynomials as functions of the form

@)= at
k=0

for real numbers az, kK = 0,1, ...n. Summation notation is particularly useful when talking about
matrix operations. For example, we can write the product of the ith row R; of a matrix A =
[@ij]mxn and the 4™ column C; of a matrix B = [bjj|nxr as

n
k=1
Our next example gives us practice with this new notation.

Example 3.2.1.

1. Find the following sums.
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4n. o (—1)nHl
@Y ® 35 N

2. Write the following sums using summation notation.

@ 1+3+5+...+117
1 1 1 1
l— - — o —
(b) 2+3 4+ +117

(©) 0.9+ 0.09+ 0.009 +...0.0---09

n — 1 zeros

Solution.
1. (a) We substitute £ = 1 into the formula % and add successive terms until we reach
k= 4.

4

Z13 _ 13,13 1313

— 100~ 100! © 1002 1003 = 1004
= 0.13+0.0013 4 0.000013 + 0.00000013
= 0.13131313

(b) Proceeding as in (a), we replace every occurrence of n with the values 0 through 4. We
recall the factorials, n! as defined in number Example 3.1.1, number 6 and get:

e R TR )
_1+1+2-1+321 4.3-2-1
22 2 2 2

1 1
= —4+-4+1+3+12
5t tl+3+
= 17

(c) We proceed as before, replacing the index n, but not the variable x, with the values 1
through 5 and adding the resulting terms.

> (_1:“ (@=1)" = (_11)1+1 (= 1)+ (_12)2“ wonzy TV gy
n=1
_'_(121—’—4 (33 o 1)4 4 (7 )1+5 (ZE _ 1)5

2. The key to writing these sums with summation notation is to find the pattern of the terms.
To that end, we make good use of the techniques presented in Section 3.1.
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()

(b)

(©)

The terms of the sum 1, 3, 5, etc., form an arithmetic sequence with first term a = 1
and common difference d = 2. We get a formula for the nth term of the sequence using
Equation 3.1 to geta, = 1+ (n—1)2 = 2n—1,n > 1. At this stage, we have the formula
for the terms, namely 2n — 1, and the lower limit of the summation, » = 1. To finish the
problem, we need to determine the upper limit of the summation. In other words, we
need to determine which value of n produces the term 117. Setting a,, = 117, we get
2n — 1 =117 or n = 59. Our final answer is

59
14345+, 4117 = > (2n—1)

n=1

We rewrite all of the terms as fractions, the subtraction as addition, and associate the
negatives ‘—" with the numerators to get

L S S SR

1 2 3 4 U117

The numerators, 1, —1, etc. can be described by the geometric sequence! ¢, = (—1)""!

for n > 1, while the denominators are given by the arithmetic sequence2 d, = n for
_qyn—i .

n > 1. Hence, we get the formula a,, = % for our terms, and we find the lower

and upper limits of summation to be n = 1 and n = 117, respectively. Thus

117
1 1 (-1t
1 . o _ - —
* i T ; n

Thanks to Example 3.1.3, we know that one formula for the n™ term is a,, = 10% for
n > 1. This gives us a formula for the summation as well as a lower limit of summation.
To determine the upper limit of summation, we note that to produce the n — 1 zeros to
the right of the decimal point before the 9, we need a denominator of 10”. Hence, n is
the upper limit of summation. Since 7 is used in the limits of the summation, we need
to choose a different letter for the index of summation.> We choose k and get

n

9
0.9+0.09+0009+...0.0--:09 = > -
n — 1 zeros k=1

O]

The following theorem presents some general properties of summation notation. While we shall
not have much need of these properties in Algebra, they do play a great role in Calculus. More-
over, there is much to be learned by thinking about why the properties hold. We invite the reader
to prove these results. To get started, remember, “When in doubt, write it out!”

!This is indeed a geometric sequence with first term a = 1 and common ratio r = —1.
*It is an arithmetic sequence with first term a = 1 and common difference d = 1.
*To see why, try writing the summation using ‘n’ as the index.
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Theorem 3.1. Properties of Summation Notation: Suppose {a,} and {b,} are sequences so
that the following sums are defined.

p

P P
Z(anibn): Zanian

n=m

p p
. E ca, =c E an, for any real number c.

n=m n=m
P J P
. Z ay = Z an + Z an, for any natural number m < j < j + 1 < p.
n=m n=m n=j+1
P ptr
) Z Qy, = Z an—r, for any whole number r.
n=m n=m-r

We now turn our attention to the sums involving arithmetic and geometric sequences. Given an
arithmetic sequence a; = a + (k — 1)d for k > 1, we let S denote the sum of the first n terms. To
derive a formula for S, we write it out in two different ways

S = a + (a+d) + ... + (a+(n—=2)d) + (a+(n—1)d)
S = (a+(n—-1)4d) + (a+(n—2)d) + ... + (a+d) + a

If we add these two equations and combine the terms which are aligned vertically, we get

285=2a+(n—-1)d)+ 2a+(n—1)d)+...+ (2a+ (n—1)d) + (2a + (n — 1)d)

The right hand side of this equation contains n terms, all of which are equal to (2a + (n — 1)d) so
we get 25 = n(2a + (n — 1)d). Dividing both sides of this equation by 2, we obtain the formula

n
2
If we rewrite the quantity 2a + (n — 1)d as a + (a + (n — 1)d) = a, + a,, we get the formula

B a, + an
S—n< 5 >

A helpful way to remember this last formula is to recognize that we have expressed the sum as
the product of the number of terms n and the average of the first and n' terms.

S=2(2a+ (n—1)d)

To derive the formula for the geometric sum, we start with a geometric sequence a; = ar®~!,

k > 1, and let S once again denote the sum of the first n terms. Comparing S and S, we get

S =a + ar + ar® + ... + a2 + ar"!
rS = ar + ar? + ... + a2 4+ a™! + a

Subtracting the second equation from the first forces all of the terms except a and ar™ to cancel out
and we get S — rS = a — ar™. Factoring, we get S(1 —r) = a (1 —r"). Assuming r # 1, we can
divide both sides by the quantity (1 — ) to obtain
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1—r"
S_a<1r>

If we distribute a through the numerator, we get a — ar™ = a, — a,, which yields the formula

Gy — Qpyq
S=—
1—r

In the case when r = 1, we get the formula

S=a+a+...+a=na
—_——
n times

Our results are summarized below.

Equation 3.2. Sums of Arithmetic and Geometric Sequences:

e The sum S of the first n terms of an arithmetic sequence ay, = a + (k — 1)d for k > 11is

" a+ap\ N
S—;ak—n<2> = 2(2a+(n—1)d)

 The sum S of the first n terms of a geometric sequence ay = ar*~! for k > 1is

1. S—Zak—al_anﬂ—a<1_r >,if7"7é1.

1—r 1—r
k=1
n n
2. S:Zak:Za:na,ifrzl.
k=1 k=1

While we have made an honest effort to derive the formulas in Equation 3.2, formal proofs require
the machinery in Section 3.3. An application of the arithmetic sum formula which proves useful
in Calculus results in formula for the sum of the first n natural numbers. The natural numbers
themselves are a sequence4 1,2, 3,...which is arithmetic with a = d = 1. Applying Equation 3.2,

n(n+1)

1+243+...+n = 5

So, for example, the sum of the first 100 natural numbers® is % = 5050.

An important application of the geometric sum formula is the investment plan called an annuity.
Annuities differ from other investments in that payments are deposited into the account on an
on-going basis, and this complicates the mathematics a little. Suppose you have an account with
annual interest rate » which is compounded n times per year. We let i = _ denote the interest
rate per period. Suppose we wish to make ongoing deposits of P dollars at the end of each com-
pounding period. Let Aj; denote the amount in the account after £ compounding periods. Then

*This is the identity function on the natural numbers!
>There is an interesting anecdote which says that the famous mathematician was given this
problem in primary school and devised a very clever solution.


http://en.wikipedia.org/wiki/Carl_Friedrich_Gauss
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A, = P, because we have made our first deposit at the end of the first compounding period and
no interest has been earned. During the second compounding period, we earn interest on A, so
that our initial investment has grown to A, (1 4 ¢) = P(1 + 7). When we add our second payment
at the end of the second period, we get

1
A, =A(1+)+P=Pl+i)+P=P1+1i) (1+1+i)

The reason for factoring out the P(1 + ¢) will become apparent in short order. During the third
compounding period, we earn interest on A, which then grows to A,(1 + 7). We add our third
payment at the end of the third compounding period to obtain

Ay= A(1+4)+ P=P(1+4) <1+11+Z.> (1+i)+P=P1+i) <1+ o+ (le.)z)

During the fourth compounding period, A; grows to A;(1 + i), and when we add the fourth
payment, we factor out P(1 + i)? to get

f 1 1 1
A, =P1+id)3(1
=P +1) ( +1+i+(1+i)2+(1+i)3>

This pattern continues so that at the end of the kth compounding, we get

1 1 1
A, = P14+ (1 o
k=P +1) <+1+i+(1+z’)2+ +(1+i)k—1>

The sum in the parentheses above is the sum of the first k& terms of a geometric sequence with
a=1landr = %ﬂ Using Equation 3.2, we get

1
1 ——
1 1 1 1+ 4)k 1+ (1= (1+4)"*
e Aok | _ 1+ (1-0+9)7)
1+4i  (1+414) (1+414) 1_ 1 i
144

Hence, we get

P((14i)f—1)

L+d) (1= (14i)*F

A= P(1+i)F! <( +i){ A+ )>
2

If we let t be the number of years this investment strategy is followed, then k£ = nt, and we get the

formula for the future value of an ordinary annuity.

Equation 3.3. Future Value of an Ordinary Annuity: Suppose an annuity offers an annual
interest rate 7 compounded n times per year. Let i = - be the interest rate per compounding
period. If a deposit P is made at the end of each compounding period, the amount A in the
account after ¢ years is given by

P((14i)™—1)

A=
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The reader is encouraged to substitute ; = - into Equation 3.3 and simplify. Some familiar equa-
tions arise which are cause for pause and meditation. One last note: if the deposit P is made a the
beginning of the compounding period instead of at the end, the annuity is called an annuity-due.
We leave the derivation of the formula for the future value of an annuity-due as an exercise for the
reader.
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Example 3.2.2. An ordinary annuity offers a 6% annual interest rate, compounded monthly.

1. If monthly payments of $50 are made, find the value of the annuity in 30 years.

2. How many years will it take for the annuity to grow to $100,000?

Solution.

1. We have r = 0.06 and n = 12 so that i = £ = %96 = 0.005. With P = 50 and t = 30,

n

50 (14 0.005)12)6B0 — 1)
0.005

A= ~ 50225.75

Our final answer is $50,225.75.

2. To find how long it will take for the annuity to grow to $100,000, we set A = 100000 and
solve for t. We isolate the exponential and take natural logs of both sides of the equation.

50 ((140.005)"" —1)

100000 = 5005
10 = (1.005)* —1
(1.005)1% = 11
In ((1.005)'*) = In(11)
12t1n(1.005) = In(11)
t = %zZIO.OG

This means that it takes just over 40 years for the investment to grow to $100,000. Comparing
this with our answer to part 1, we see that in just 10 additional years, the value of the annuity
nearly doubles. This is a lesson worth remembering. O

We close this section with a peek into Calculus by considering infinite sums, called series. Consider
the number 0.9. We can write this number as
0.9 =0.9999... = 0.9 4 0.09 + 0.009 + 0.0009 +- . ...

From Example 3.2.1, we know we can write the sum of the first n of these terms as

n
0.9-~-9=.9+0.09+0.009+...0.0-~-09=Z

n nines n —1zeros k=1

9
10F

Using Equation 3.2, we have
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It stands to reason that 0.9 is the same value of 1 — 5151 as n — oo. Our knowledge of exponential
expressions tells us that tgiwr — 0 asn — 00,50 1 — 1551 — 1. We have just argued that 0.9 = 1,
which may cause some distress for some readers.® Any non-terminating decimal can be thought
of as an infinite sum whose denominators are the powers of 10, so the phenomenon of adding
up infinitely many terms and arriving at a finite number is not as foreign of a concept as it may
appear. We end this section with a theorem concerning geometric series.

Theorem 3.2. Geometric Series: Given the sequence a; = ark=! for k > 1, where |r| < 1,

a
1—r

o0
atartar’t... = E art1 =
k=1

If |r| > 1, the sum a + ar + ar? + ... is not defined.

The justification of the result in Theorem 3.2 comes from taking the formula in Equation 3.2 for the
sum of the first n terms of a geometric sequence and examining the formula as n — co. Assuming
|r| < 1means —1 < r < 1,s07™ — 0asn — oco. Hence as n — oo,

- 1—r" a
k1 _ -

D ar _a(l—r)ﬁl—r

=1

As to what goes wrong when |r| > 1, we leave that to Calculus as well, but will explore some
cases in the exercises.

®To make this more palatable, it is usually accepted that 0.3 = % so that 0.9 = 3 (0.3) = 3 (3) = 1. Feel better?
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3.2.1 EXERCISES
In Exercises 1 - 8, find the value of each sum using Definition 3.3.

9

8 5 2

1 i k

1. Y (59 +3) 2.3 2 3. § 21 4.3 3k —5)
g=4 k=3 §=0 k=0
100 3

1. (n+1)! 5!
5.2—2 1 6.2 1" 7.2 8.27
i=1 4(Z - n:l( : n=1 nl j=1 JHE =)

In Exercises 9 - 16, rewrite the sum using summation notation.

9. 8+ 114 14+ 17+ 20 10. 1-2+3-445-6+7-8
{L‘S IL‘5 l’7
1. 2 - —+——-=— 12 14244+ 422
T +244+-+
13.2+3+5+3+8 14. —In(3) +In(4) — In(5) 4 - - - + In(20)
IR e e 16. 2(z—5)+ 3z =52+ L(z—5)%+ (z—5)*

In Exercises 17 - 28, use the formulas in Equation 3.2 to find the sum.

20
17.Z5n+3 18.Z2n—1 19.23—k:
n=1

10 1 n 5 3 n 5 1 k
20. — . — .
0.3 (3) 21y (5) 232 (3)
n=1 n=1 k=0
23. 1 +4+74+...4+295 24, 4 +24+0—-2—...—146 25. 1+34+9+...4+ 2187
10 5 n
26 L4 lp el 27.8-343 3443 28.2—2n+<3>
n=1

In Exercises 29 - 32, use Theorem 3.2 to express each repeating decimal as a fraction of integers.

29. 0.7 30. 0.13 31. 10.159 32. —5.867
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In Exercises 33 - 38, use Equation 3.3 to compute the future value of the annuity with the given
terms. In all cases, assume the payment is made monthly, the interest rate given is the annual rate,
and interest is compounded monthly.

33. payments are $300, interest rate is 2.5%, term is 17 years.
34. payments are $50, interest rate is 1.0%, term is 30 years.

35. payments are $100, interest rate is 2.0%, term is 20 years
36. payments are $100, interest rate is 2.0%, term is 25 years
37. payments are $100, interest rate is 2.0%, term is 30 years
38. payments are $100, interest rate is 2.0%, term is 35 years

39. Suppose an ordinary annuity offers an annual interest rate of 2%, compounded monthly, for
30 years. What should the monthly payment be to have $100,000 at the end of the term?

40. Prove the properties listed in Theorem 3.1.

41. Show that the formula for the future value of an annuity due is
1+9)™—1
A=P(1+1) [(—H)z]

42. Discuss with your classmates what goes wrong when trying to find the following sums.
(@) Y 2! (b) > (1.0001)" © > (—nF!
k=1 -

k=1 k=1
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3.2.2 ANSWERS
1.

5.

13.

17.

21.

25.

29.

33.

37.

39.

213

17
2

5

> (Bk+5

)
k+1
k

—

k=
5
k=1

$76163.67

49,272.55

For $100,000, the monthly payment is ~ $202.95.

341
2. m

8
10. > (-1 'k

14. ) (-1)"In(k)
18. 400

22.

26.

13
99
34. $20,981.40

30.

38. 60,754.80
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11.

15.

19.

23.

27.

31.

35.

14652

513
256

3383
333

$29,479.69

12.

16.

20.

24.

28.

32.

36.

. =5 =2z + 22

25

30
S
k=1

4

1 k

> op@—5)
k=1

1023

1024

—5396

17771050
59049

5809
990

$38,882.12
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3.3 MATHEMATICAL INDUCTION

The Chinese philosopher is credited with the saying, “A journey of a thousand miles
begins with a single step.” In many ways, this is the central theme of this section. Here we intro-
duce a method of proof, Mathematical Induction, which allows us to prove many of the formulas
we have merely motivated in Sections 3.1 and 3.2 by starting with just a single step. A good ex-
ample is the formula for arithmetic sequences we touted in Equation 3.1. Arithmetic sequences
are defined recursively, starting with a, = a and then a,,,, = a,, + d for n > 1. This tells us that
we start the sequence with a and we go from one term to the next by successively adding d. In
symbols,

a,a+d,a+2d,a+3d,a+4d + ...

The pattern suggested here is that to reach the nth term, we start with a and add d to it exactly n—1
times, which lead us to our formula a,, = a + (n — 1)d for n > 1. But how do we prove this to be
the case? We have the following.

The Principle of Mathematical Induction (PMI): Suppose P(n) is a sentence involving the
natural number 7.

IF

1. P(1) is true and

2. whenever P(k) is true, it follows that P(k + 1) is also true

THEN the sentence P(n) is true for all natural numbers n.

The Principle of Mathematical Induction, or PMI for short, is exactly that - a principle.! It is a
property of the natural numbers we either choose to accept or reject. In English, it says that if
we want to prove that a formula works for all natural numbers n, we start by showing it is true
for n = 1 (the ‘base step’) and then show that if it is true for a generic natural number £, it must
be true for the next natural number, k& + 1 (the ‘inductive step’). The notation P(n) acts just like
function notation. For example, if P(n) is the sentence (formula) ‘n? + 1 = 3/, then P(1) would
be ‘12 + 1 = 3’, which is false. The construction P(k + 1) would be “(k + 1)2 + 1 = 3’. As usual,
this new concept is best illustrated with an example. Returning to our quest to prove the formula
for an arithmetic sequence, we first identify P(n) as the formula a,, = a + (n — 1)d. To prove this
formula is valid for all natural numbers n, we need to do two things. First, we need to establish
that P(1) is true. In other words, is it true that a, = a + (1 — 1)d? The answer is yes, since this
simplifies to a;, = a, which is part of the definition of the arithmetic sequence. The second thing
we need to show is that whenever P(k) is true, it follows that P(k + 1) is true. In other words, we
assume P(k) is true (this is called the ‘induction hypothesis’) and deduce that P(k + 1) is also true.
Assuming P(k) to be true seems to invite disaster - after all, isn’t this essentially what we’re trying
to prove in the first place? To help explain this step a little better, we show how this works for
specific values of n. We’ve already established P(1) is true, and we now want to show that P(2) is
true. Thus we need to show that a, = a + (2 — 1)d. Since P(1) is true, we have a, = a, and by the

! Another word for this you may have seen is ‘axiom.’


http://en.wikipedia.org/wiki/Confucius
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definition of an arithmetic sequence, a, = a,+d = a+d = a+(2—1)d. So P(2) is true. We now use
the fact that P(2) is true to show that P(3) is true. Using the fact that a, = a + (2 — 1)d, we show
as = a+(3—1)d. Since a3 = a,+d, we geta; = (a+(2—1)d)+d = a+2d = a+(3—1)d, so we have
shown P(3) is true. Similarly, we can use the fact that P(3) is true to show that P(4) is true, and so
forth. In general, if P(k) is true (i.e., ar = a+ (k — 1)d) we set out to show that P(k+ 1) is true (i.e.,
ag, = a+ ((k+1) — 1)d). Assuming a,, = a + (k — 1)d, we have by the definition of an arithmetic
sequence that ay,, = ap +dsowe getay,, = (a+(k—1)d)+d=a+kd =a+ ((k+1) —1)d.
Hence, P(k + 1) is true.

In essence, by showing that P(k + 1) must always be true when P(k) is true, we are showing
that the formula P(1) can be used to get the formula P(2), which in turn can be used to derive
the formula P(3), which in turn can be used to establish the formula P(4), and so on. Thus as
long as P(k) is true for some natural number k, P(n) is true for all of the natural numbers n
which follow k. Coupling this with the fact P(1) is true, we have established P(k) is true for all
natural numbers which follow n = 1, in other words, all natural numbers n. One might liken
Mathematical Induction to a repetitive process like climbing stairs.? If you are sure that (1) you
can get on the stairs (the base case) and (2) you can climb from any one step to the next step (the
inductive step), then presumably you can climb the entire staircase.> We get some more practice
with induction in the following example.

Example 3.3.1. Prove the following assertions using the Principle of Mathematical Induction.

1. The sum formula for arithmetic sequences: Z(a +(j—1d) = 3(2(1 + (n —1)d).
j=1

2. For a complex number z, (z)" = 2" forn > 1.
3. 3" > 100n for n > 5.

4. Let A be an n x n matrix and let A’ be the matrix obtained by replacing a row R of A with
¢R for some real number c. Use the definition of determinant to show det(A’) = cdet(A).

Solution.
1. We set P(n) to be the equation we are asked to prove. For n = 1, we compare both sides of

the equation given in P(n)

St (G-1d) 2 %(2a+(1—1)d)

j=1
1
a+(1-1)d = 5(20)
a = av

This shows the base case P(1) is true. Next we assume P(k) is true, that is, we assume

*Falling dominoes is the most widely used metaphor in the mainstream College Algebra books.
3This is how Carl climbed the stairs in the Cologne Cathedral. Well, that, and encouragement from Kai.
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& k
D (a+(j—1)d = 520+ (k—1)d)

J=1

and attempt to use this to show P(k + 1) is true. Namely, we must show

k+1
d (a+(G—-1)d) = k;r (2a 4 (k41 —1)d)

j=1

To see how we can use P(k) in this case to prove P(k + 1), we note that the sum in P(k + 1)
is the sum of the first k£ + 1 terms of the sequence a;, = a + (k — 1)d for k > 1 while the sum
in P(k) is the sum of the first k terms. We compare both side of the equation in P(k + 1).

k+1
. » k41
Sla+(i-na = —— 20+ (k+1-1)d)
j=1
summing the ;i;st k + 1 terms
k 7 k+1
d(a+(G—1d) + (a+ (k+1-1)d) = —5—(2a+ kd)
j=1

summing the first k terms  adding the (k + 1)st term

g(Za + (k= 1)d) +(a+ kd) = (k + 1)(22a + kd)

Using P(k)

k(2a+ (k—1)d) +2(a+kd) 2 2ka+ k?d+2a+ kd

2 2
2ka + 2a + k*d + kd B 2ka+2a+k2d+kd‘/
2 N 2

Since all of our steps on both sides of the string of equations are reversible, we conclude that
the two sides of the equation are equivalent and hence, P(k + 1) is true. By the Principle of
Mathematical Induction, we have that P(n) is true for all natural numbers n.

2. We let P(n) be the formula ()" = z7. The base case P(1) is (z)! = 2!, which reduces to
z = %z which is true. We now assume P (k) is true, that is, we assume (z)¥ = z* and attempt
to show that P(k+ 1) is true. Since (2)"™ = (2)* z, we can use the induction hypothesis and

write (2)" = zF. Hence, (2)"™! = ()" z = 2k z. We now use the product rule for conjugates

to write 25z = zFz = zF+1. This establishes ()" = zk+1, so that P(k + 1) is true. Hence,

by the Principle of Mathematical Induction, (z)" = 2" for all n > 1.

3. The first wrinkle we encounter in this problem is that we are asked to prove this formula
for n > 5 instead of n > 1. Since n is a natural number, this means our base step occurs at
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n = 6. We can still use the PMI in this case, but our conclusion will be that the formula is
valid for all n > 6. We let P(n) be the inequality 3" > 100n, and check that P(6) is true.
Comparing 3% = 729 and 100(6) = 600, we see 3° > 100(6) as required. Next, we assume
that P(k) is true, that is we assume 3% > 100k. We need to show that P(k + 1) is true, that
is, we need to show 3**! > 100(k + 1). Since 3**! = 3. 3%, the induction hypothesis gives
3k+1 = 3.3k > 3(100k) = 300k. We are done if we can show 300k > 100(k + 1) for k > 6.
Solving 300k > 100(k + 1) we get k > 1. Since k > 6, we know this is true. Putting all of this
together, we have 3! = 3. 3% > 3(100k) = 300k > 100(k + 1), and hence P(k + 1) is true.
By induction, 3" > 100n for all n > 6.

To prove this determinant property, we use induction on n, where we take P(n) to be that
the property we wish to prove is true for all n x n matrices. For the base case, we note that
if Aisa 1 x 1 matrix, then A = [a] so A" = [ca|. By definition, det(A) = a and det(A’) = ca so
we have det(A’) = cdet(A) as required. Now suppose that the property we wish to prove is
true for all k£ x k matrices. Let Abe a (k+ 1) x (k+ 1) matrix. We have two cases, depending
on whether or not the row R being replaced is the first row of A.

CASE 1: The row R being replaced is the first row of A. By definition,
det(A') = d},C1,
p=1

where the 1p cofactor of A" is C},, = (—1)104P) det (A},) and A} is the k x k matrix obtained
by deleting the 1st row and pth column of A’. Since the first row of A’ is ¢ times the first
row of A, we have a’lp = ca,p. In addition, since the remaining rows of A" are identical to
those of A, A’lp = A,p. (To obtain these matrices, the first row of A’ is removed.) Hence
det (A},) = det (Ayp), so that C}, = Cp. As a result, we get

n n n
det(A") = Z ay,Cy, = Z ca;pCyp = CZ a,pChp = cdet(A),
p=1

p=1 p=1

as required. Hence, P(k + 1) is true in this case, which means the result is true in this case
for all natural numbers n > 1. (You'll note that we did not use the induction hypothesis at
all in this case. It is possible to restructure the proof so that induction is only used where
it is needed. While mathematically more elegant, it is less intuitive, and we stand by our
approach because of its pedagogical value.)

CASE 2: The row R being replaced is the not the first row of A. By definition,

det(A") = Z ay,Clps
p=1

where in this case, a’lp = a,p, since the first rows of A and A’ are the same. The matrices
A, and Ay, on the other hand, are different but in a very predictable way — the row in A’
which corresponds to the row cR in A’ is exactly ¢ times the row in A,, which corresponds
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to the row R in A. In other words, A’lp and A, are k x k matrices which satisfy the induction
hypothesis. Hence, we know det (4],) = cdet (4,,) and C, = c¢C,;,. We get

det(A') = Z at,C, = Z apcCyp = CZ a,pCyp = cdet(A),
p=1

p=1 p=1

which establishes P(k + 1) to be true. Hence by induction, we have shown that the result
holds in this case for n > 1 and we are done. O

While we have used the Principle of Mathematical Induction to prove some of the formulas we
have merely motivated in the text, our main use of this result comes in Section 3.4 to prove the
celebrated Binomial Theorem. The ardent Mathematics student will no doubt see the PMI in
many courses yet to come. Sometimes it is explicitly stated and sometimes it remains hidden in
the background. If ever you see a property stated as being true ‘for all natural numbers n’, it’s a
solid bet that the formal proof requires the Principle of Mathematical Induction.
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3.3.1 EXERCISES

In Exercises 1 - 7, prove each assertion using the Principle of Mathematical Induction.

1.

10.

Z] (2n+ 1)

Z 3 _ ”+1)

2" > 500n forn > 12
3" > n3 forn > 4

Use the Product Rule for Absolute Value to show |z"| = |z|" for all real numbers = and all
natural numbers n > 1

Use the Product Rule for Logarithms to show log (z") = nlog(z) for all real numbers x > 0
and all natural numbers n > 1.

a 01" a" 0
= >
[0 b] [0 bn]forn_l.
Prove Equations 3.1 and 3.2 for the case of geometric sequences. That is:

(a) For the sequence a, = a, ap,, = ra,, n > 1, prove a, = ar™ 1 n>1.
n n
n—1 __ 1—r" : n—1 __ . _
(b) g ar" =af 5 ,1f7"7é1,§ ar" " =na,ifr = 1.
-7
j=1 j=1

Prove that the determinant of a lower triangular matrix is the product of the entries on the
main diagonal. (See Exercise 2.3.1 in Section 2.3.) Use this result to then show det (,,) = 1
where I,, is the n x n identity matrix.

Discuss the classic ‘paradox’ problem with your classmates.


http://en.wikipedia.org/wiki/All_horses_are_the_same_color
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3.3.2 SELECTED ANSWERS

n(n+1)(2n+1)

1. Let P(n) be the sentence Z i = 6

J=1

. For the base case, n = 1, we get

o5 2 (HA+DER(I)+1)
232 - 6

12 = 1v

9 2 (R+D)(k+1)+1D2(Kk+1)+1)
2] 5

k
. v (k+1)(k+2)(2k+3)
2+(k+1)2 =

]Z;J

6
k(k+1)(2k+1) 1) ? (k+1)(k+2)(2k + 3)
6 6
Using P(k)

E(k+1)(2k +1) N 6(k+1)2 » (k+1)(k+2)(2k+3)

k(k+1f)i(2k+1)+6(kil)2 2 (k+1)(kf2)(2k+3)
(k+1)(k(2k+61)+6(k+1)) 2 (k+1)(kf2)(2k+3)
(k + 1)6(2k2 + 7k + 6) 2 (k+1)(k f2)(2k +3)
(k+1)(k4§2)(2k+3) _ (k:+1)(k+22)(2k+3)\/

- 1)(2n + 1
By induc’cion,Z:j2 _nn+DH2n+1)

Jj=1

is true for all natural numbers n > 1.

. Let P(n) be the sentence 3" > n3. Our base case is n = 4 and we check 3* = 81 and 4% = 64
so that 3* > 43 as required. We now assume P(k) is true, that is 3* > k3, and try to show
P(k + 1) is true. We note that 3*™! = 3. 3% > 3k® and so we are done if we can show
3k3 > (k + 1)3 for k > 4. We can solve the inequality 323 > (z + 1)3, and doing so gives us
x> ﬁ ~ 2.26. Hence, for k > 4, 3" = 3.3 > 3k% > (k + 1)3 so that 3**! > (k + 1)3. By

induction, 3" > n3 is true for all natural numbers n > 4.

. Let P(n) be the sentence log (") = nlog(z). For the duration of this argument, we assume
z > 0. The base case P(1) amounts checking that log (z') = 1log(z) which is clearly true.
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Next we assume P(k) is true, that is log (z¥) = klog(z) and try to show P(k + 1) is true.
Using the Product Rule for Logarithms along with the induction hypothesis, we get

log (mkH) = log (xk . m) =log <xk> + log(z) = klog(x) + log(x) = (k + 1) log(x)

Hence, log (z"1) = (k + 1) log(z). By induction log (z") = nlog(x) is true for all > 0 and
all natural numbers n > 1.

Let A be an n x n lower triangular matrix. We proceed to prove the det(A) is the product of
the entries along the main diagonal by inducting on n. For n = 1, A = [a] and det(A) = q,
so the result is (trivially) true. Next suppose the result is true for k£ x k lower triangular
matrices. Let Abea (k+ 1) x (k + 1) lower triangular matrix. Expanding det(A) along the
first row, we have

det(A) = Z a1pChp
p=1

Since a,, = 0 for 2 < p < k + 1, this simplifies det(A) = a,,C,,. By definition, we know that
Cy, = (1)t det (A,,) = det (A,,) where A,; is k x k matrix obtained by deleting the first
row and first column of A. Since A is lower triangular, so is 4,, and, as such, the induction
hypothesis applies to A,,. In other words, det (A4,,) is the product of the entries along A,,’s
main diagonal. Now, the entries on the main diagonal of A,, are the entries a,,, ass, ...,
A(k11)(k+1) from the main diagonal of A. Hence,

det(A) = a; det (Ay;) = ayy (a22(l33 e 'a(lc+1)(k+1)) = Q11Q22033 * * * Q(k41)(k+1)

We have det(A) is the product of the entries along its main diagonal. This shows P(k + 1) is
true, and, hence, by induction, the result holds for all n x n upper triangular matrices. The
n x n identity matrix I,, is a lower triangular matrix whose main diagonal consists of all 1’s.
Hence, det (I,,) = 1, as required.
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3.4 THE BINOMIAL THEOREM

In this section, we aim to prove the celebrated Binomial Theorem. Simply stated, the Binomial
Theorem is a formula for the expansion of quantities (a+b)" for natural numbers n. In Elementary
and Intermediate Algebra, you should have seen specific instances of the formula, namely

(a+b)! = a+b
(a+b)? = a®+2ab+b?
(a+0b)® = a®+3a%b+ 3ab? + b3

If we wanted the expansion for (a + b)* we would write (a + b)* = (a + b)(a + b)® and use the
formula that we have for (a + b)3 to get (a + b)* = (a + b) (a® + 3a®b + 3ab® + b3) = a* + 4a®b +
6a2b* + 4ab + b*. Generalizing this a bit, we see that if we have a formula for (a + b)*, we can
obtain a formula for (a + b)¥*! by rewriting the latter as (a + b)**! = (a + b)(a + b)*. Clearly this
means Mathematical Induction plays a major role in the proof of the Binomial Theorem.! Before
we can state the theorem we need to revisit the sequence of factorials which were introduced in
Example 3.1.1 number 6 in Section 3.1.

Definition 3.4. Factorials: For a whole number n, n factorial, denoted n!, is the term f,, of the
sequence fo =1, fp =n-fr_,n > 1.

Recall this means 0! = 1 and n! = n(n — 1)! for n > 1. Using the recursive definition, we get:
'=1-00=1-1=1,21=2-11=2-1=2,31=3-21=3-2-1=6and 4! =4-31=4-3-2-1 =24.
Informally, n! = n-(n—1)-(n —2)---2 -1 with 0! = 1 as our ‘base case.” Our first example
familiarizes us with some of the basic computations involving factorials.

Example 3.4.1.

1. Simplify the following expressions.

312! 7! 1000! !
2 ® = © e

@) ] 99812 @ k=

2. Proven! > 3" foralln > 7.
Solution.
1. We keep in mind the mantra, “When in doubt, write it out!” as we simplify the following.

(a) We have been programmed to react with alarm to the presence of a 0 in the denomi-
nator, but in this case 0! = 1, so the fraction is defined after all. As for the numerator,

3!:3-2-1:6and2!:2-1:2,sowehave%:—(6)1(2) =12.

(b) Wehave7!=7-6-5-4-3-2-1=>5040 while5!=5-4-3-2-1 = 120. DiViding,Weget
Tt = 3010 — 42. While this is correct, we note that we could have saved ourselves some

of time had we proceeded as follows

t’s pretty much the reason Section 3.3 is in the book.
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7o7-6-5-4-3-2-1 7-6-3-4-3-2- ,7(_7 6 — 49
B 5-4:3-2.1  BAgZd T
In fact, should we want to fully exploit the recursive nature of the factorial, we can

write

77-6-50 765
500 50 5

(c) Keeping in mind the lesson we learned from the previous problem, we have

=42

1000! 1000 -999 - 998! 1000 - 999 - 998" 999000
99812 998! - 2! - 998t 2! 2

(d) This problem continues the theme which we have seen in the previous two problems.
We first note that since k + 2 is larger than k£ — 1, (k + 2)! contains all of the factors of
(k — 1)! and as a result we can get the (k — 1)! to cancel from the denominator. To see
this, we begin by writing out (k + 2)! starting with (k + 2) and multiplying it by the
numbers which precede it until we reach (k — 1): (k+2)! = (k+2)(k + 1)(k)(k — 1)
As a result, we have

= 499500

E+2)!  (k+2)(k+DE)(k—1)!  (k+2)(k+1)(k)E—DT
k-1 (k—1)! - [ -

The stipulation £ > 1 is there to ensure that all of the factorials involved are defined.

k(k +1)(k + 2)

2. We proceed by induction and let P(n) be the inequality n! > 3". The base case hereisn =7
and we see that 7! = 5040 is larger than 37 = 2187, so P(7) is true. Next, we assume that P (k)
is true, that is, we assume k! > 3% and attempt to show P(k+1) follows. Using the properties
of the factorial, we have (k + 1)! = (k + 1)k! and since k! > 3%, we have (k + 1)! > (k + 1)3".
Sincek > 7,k+1>8,s50 (k+1)3" >8-3F > 3.3F = 3kt1, Putting all of this together, we
have (k + 1)! = (k + 1)k! > (k + 1)3* > 3**! which shows P(k + 1) is true. By the Principle
of Mathematical Induction, we have n! > 3" forall n > 7. O

Of all of the mathematical animals we have discussed in the text, factorials grow most quickly. In
problem 2 of Example 3.4.1, we proved that n! overtakes 3" at n = 7. ‘Overtakes” may be too polite
a word, since n! thoroughly trounces 3" for n > 7, as any reasonable set of data will show. It can
be shown that for any real number z > 0, not only does n! eventually overtake 2", but the ratio
% — 0asn — c0.2

Applications of factorials in the wild often involve counting arrangements. For example, if you
have fifty songs on your mp3 player and wish arrange these songs in a playlist in which the order
of the songs matters, it turns out that there are 50! different possible playlists. If you wish to select
only ten of the songs to create a playlist, then there are 40, ! such playlists. If, on the other hand,
you just want to select ten song files out of the fifty to put on a flash memory card so that now

“This fact is far more important than you could ever possibly imagine.
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the order no longer matters, there are 50 ways to achieve this.> While some of these ideas are
explored in the Exercises, the authors encourage you to take courses such as Finite Mathematics,
Discrete Mathematics and Statistics. We introduce these concepts here because this is how the
factorials make their way into the Binomial Theorem, as our next definition indicates.

Definition 3.5. Binomial Coefficients: Given two whole numbers n and j with n > j, the

n
binomial coefficient <
J

) (read, n choose j) is the whole number given by

@ B j!(nnij)!

The name ‘binomial coefficient” will be justified shortly. For now, we can physically interpret
(?) as the number of ways to select j items from n items where the order of the items selected is
unimportant. For example, suppose you won two free tickets to a special screening of the latest
Hollywood blockbuster and have five good friends each of whom would love to accompany you
to the movies. There are (‘3) ways to choose who goes with you. Applying Definition 3.5, we get

S\__ 8 s 54
2) 215-2) 213 2

So there are 10 different ways to distribute those two tickets among five friends. (Some will see it
as 10 ways to decide which three friends have to stay home.) The reader is encouraged to verify
this by actually taking the time to list all of the possibilities.

We now state anf prove a theorem which is crucial to the proof of the Binomial Theorem.

Theorem 3.3. For natural numbers n and j withn > j,

(26 =07)

The proof of Theorem 3.3 is purely computational and uses the definition of binomial coefficients,
the recursive property of factorials and common denominators.

3For reference,

500 = 30414093201713378043612608166064768844377641568960512000000000000,
|

i—& —  37276043023296000, and

50!

101100 10272278170
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<J?1>+<?> - (j—l)!(nni(j—m!+ﬂ(nnij>!

n! n!
G-Dln—j+ D1 jim—j)

n! n!

T G-+ e =) G- D)
_ n!j n nl(n—j+1)
JG-Dn—j+ D= G -Dln—j+D)n—7)
n!lj nl(n—j+1)

jln—73+1)!  jl(n—j+1)!
nlj+nln—j54+1)
jl(n—j+1)!
B+ (n—j+1)
gl (n—j+1)!
(n + 1)n!
J(n+1—7))!
(n+1)!
7 ((n+1) = j))!

- (1)

We are now in position to state and prove the Binomial Theorem where we see that binomial
coefficients are just that - coefficients in the binomial expansion.

Theorem 3.4. Binomial Theorem: For nonzero real numbers a and b,

e =5 ()

=0 N

for all natural numbers n.

To get a feel of what this theorem is saying and how it really isn’t as hard to remember as it may
first appear, let’s consider the specific case of n = 4. According to the theorem, we have

1 STOWEN
(a+b)t = )ty
i=o M

(4N 4050 4\ 411 4\ 49,9 4\ 4 3.3 4\ 4454
—<O>a b+<1>a b—|—2a b—|—3a b+4ab
4\ 4 4\ 3 4\ 9.9 4 3 4\ 4
<O>a +<1>a b+<2>a b° + 3 ab® + 4 b
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We forgo the simplification of the coefficients in order to note the pattern in the expansion. First
note that in each term, the total of the exponents is 4 which matched the exponent of the binomial
(a + b)%. The exponent on a begins at 4 and decreases by one as we move from one term to
the next while the exponent on b starts at 0 and increases by one each time. Also note that the
binomial coefficients themselves have a pattern. The upper number, 4, matches the exponent on
the binomial (a + b)* whereas the lower number changes from term to term and matches the
exponent of b in that term. This is no coincidence and corresponds to the kind of counting we
discussed earlier. If we think of obtaining (a + b)* by multiplying (a + b)(a + b)(a + b)(a + b), our
answer is the sum of all possible products with exactly four factors - some a, some b. If we wish to
count, for instance, the number of ways we obtain 1 factor of b out of a total of 4 possible factors,
thereby forcing the remaining 3 factors to be a, the answer is (‘11) Hence, the term (‘11) a3b is in the
expansion. The other terms which appear cover the remaining cases. While this discussion gives
an indication as to why the theorem is true, a formal proof requires Mathematical Induction.*

To prove the Binomial Theorem, we let P(n) be the expansion formula given in the statement of
the theorem and we note that P(1) is true since

(a+b)! = Z(;)al—jbj

7=0

1
I\ 12050 I\ 124
0>a b—|—<1>a b
a+b = a+bv

a+b

Now we assume that P(k) is true. That is, we assume that we can expand (a + b)* using the
formula given in Theorem 3.4 and attempt to show that P(k + 1) is true.

(a+ b1 = (a+b)(a+0b)F

7=0
k k k
= az ( >akjbj —|—bz < )ak]lﬂ
=0 =0
k k
_ Z <k> dE =iy 4 Z (k> Ghipitl
=0 j=o \J

Our goal is to combine as many of the terms as possible within the two summations. As the
counter j in the first summation runs from 0 through k, we get terms involving aktl kb, akF—1p2,
..., ab®. In the second summation, we get terms involving akfb, =182, ..., ab®, b**t1. In other
words, apart from the first term in the first summation and the last term in the second summation,
we have terms common to both summations. Our next move is to ‘kick out’ the terms which we
cannot combine and rewrite the summations so that we can combine them. To that end, we note

*and a fair amount of tenacity and attention to detail.



192 SEQUENCES AND THE BINOMIAL THEOREM

k Mk
( .>ak+1jb7' NS ( _)ak+1jbj

M-

=\ =\
and
L E=l
Z ( ‘>ak—jbj+1 _ Z ( .>ak—jbj+1 Lpht
=0 =0
so that

N
—_

k
(a + b)kJrl — akJrl + Z <k> ak+1*jbj +

<k> QF=ipitl | pktl
J

=1 J

.
Il
)

We now wish to write

k k k—1 k
S (Fjan w5 (B
=1 N j=o

as a single summation. The wrinkle is that the first summation starts with j = 1, while the second
starts with j = 0. Even though the sums produce terms with the same powers of a and b, they do
so for different values of j. To resolve this, we need to shift the index on the second summation so
that the index j starts at j = 1 instead of j = 0 and we make use of Theorem 3.1 in the process.

k—1 k k—1+1 k

(M = 3 < ) F—(G-)pl- D4
. ]a . a
Q) J—1

j=0 j=0+1

k
(e
j—1

J=1

We can now combine our two sums using Theorem 3.1 and simplify using Theorem 3.3

M=

L Al
Z ( .>ak+1—jbj n Z ( '>ak—jbj+1
J =\

J=1

k ok
( .>ak+1_jbj + Z ( . 1)ak+1—jbj
< \J PV i

[(5) (5 )]

(oo

.
Il

I
M=

.
Il

I
] =

1

<.
Il

Using this and the fact that (*;') = 1and (;]) = 1, we get
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k
(a+b)F! = ak+1+z (k%l)akJrljbj_'_karl

PR

k
k1 k10 EHT\ jri-jg o (FH1Y okt
< 0 )a b—l—g i a v+ k1 a’b

=1

k+1
- <k + 1) MR

=0~ 7

which shows that P(k + 1) is true. Hence, by induction, we have established that the Binomial
Theorem holds for all natural numbers n.

Example 3.4.2. Use the Binomial Theorem to find the following.

1. (z—2)* 2. 2.13

3. The term containing z3 in the expansion (2 + y)°

Solution.

1. Since (z — 2)* = (z + (—2))*, we identify a = z, b = —2 and n = 4 and obtain

=2 — 823 4+ 2422 — 322 + 16

2. At first this problem seem misplaced, but we can write 2.13 = (2 + 0.1)3. Identifying a = 2,
b=0.1= %andn:&weget

i) - X0 ()
- () O G) O (o) ()2 ()

g 12,6 1
- 10 100 1000
= 8+1.240.06 4+ 0.001

= 9.261
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3. Identifying a = 2z, b = y and n = 5, the Binomial Theorem gives

5
ot =3 (7)o

Jj=0

Since we are concerned with only the term containing 3, there is no need to expand the
entire sum. The exponents on each term must add to 5 and if the exponent on z is 3, the
exponent on y must be 2. Plucking out the term j = 2, we get

(;) (22)°7 2% = 10(22)3y* = 8023y?

We close this section with , hamed in honor of the mathematician
Pascal’s Triangle is obtained by arranging the binomial coefficients in the triangular fashion below

O 6 ¢
o O 0 0

Since () = 1 and (') = 1 for all whole numbers n, we get that each row of Pascal’s Triangle
begins and ends with 1. To generate the numbers in the middle of the rows (from the third row
onwards), we take advantage of the additive relationship expressed in Theorem 3.3. For instance,
((1)) + (i) = (3, ((2)) + (f) = (%) and so forth. This relationship is indicated by the arrows in the
array above. With these two facts in hand, we can quickly generate Pascal’s Triangle. We start
with the first two rows, 1 and 1 1. From that point on, each successive row begins and ends with
1 and the middle numbers are generated using Theorem 3.3. Below we attempt to demonstrate
this building process to generate the first five rows of Pascal’s Triangle.


http://en.wikipedia.org/wiki/Pascal's_triangle
http://en.wikipedia.org/wiki/Blaise_Pascal
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1
1 1 - 111
N’
141 b
1
1 1 1
1 2 1 —_— 11211
N’ N’ ) 5 3 .
1] 1+2 241 [1]
1
1 1 111
1 2 1
1 3 3 1 3 1 2 1

NN N o e T
1] 1+3 343 3+1  [1]

To see how we can use Pascal’s Triangle to expedite the Binomial Theorem, suppose we wish to
expand (3x — y)%. The coefficients we need are (j) for j = 0,1,2,3,4 and are the numbers which
form the fifth row of Pascal’s Triangle. Since we know that the exponent of 3z in the first term is
4 and then decreases by one as we go from left to right while the exponent of —y starts at 0 in the
first term and then increases by one as we move from left to right, we quickly obtain

Bz —y)* = ()Bx)' + (4)(32)*(—y) + (6)(32)*(—y)* + 4(3z)(—y)* + 1(—y)*
= 8lz* — 10823y + 5day® — 122y + y*

We would like to stress that Pascal’s Triangle is a very quick method to expand an entire binomial.
If only a term (or two or three) is required, then the Binomial Theorem is definitely the way to go.
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3.4.1 EXERCISES

In Exercises 1 - 9, simplify the given expression.

L (312 10! 7!
(31 2 = 3. 353
9! (n+1)! (k — 1)!
4. . > 0. .
413121 e & o=t

8 117
7. 8.
() (v)
In Exercises 10 - 13, use Pascal’s Triangle to expand the given binomial.
10. (z +2)° 11. (22 —1)* 12. (o +42)° 13. (z —a 1)’

In Exercises 14 - 17, use Pascal’s Triangle to simplify the given power of a complex number.

14. (1+2i)* 15. (=1 +iv3)°
Vi 1Y vi va\
16. (2+2z> 17. (2—22)

In Exercises 18 - 22, use the Binomial Theorem to find the indicated term.

18. The term containing 23 in the expansion (2x — y)®

19. The term containing x'!7 in the expansion (z + 2)!18

20. The term containing 27 in the expansion (y/z — 3)8
21. The term containing 27 in the expansion (2z — z3)”
22. The constant term in the expansion (z + z~1)®

23. Use the Prinicple of Mathematical Induction to prove n! > 2" for n > 4.

24. Prove E <n) = 2" for all natural numbers n. (HINT: Use the Binomial Theorem!)
. J
Jj=0

25. With the help of your classmates, research

26. You've just won three tickets to see the new film, ‘8.9.” Five of your friends, Albert, Beth,
Chuck, Dan, and Eugene, are interested in seeing it with you. With the help of your class-
mates, list all the possible ways to distribute your two extra tickets among your five friends.
Now suppose you've come down with the flu. List all the different ways you can distribute
the three tickets among these five friends. How does this compare with the first list you

made? What does this have to do with the fact that (g) = (g) ?


http://en.wikipedia.org/wiki/Pascal's_triangle#Patterns_and_properties
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3.4.2 ANSWERS

1.

4.

7.

10.
11.

12.

13.

14.

18.

36 2. 720 3. 105

1260 5. n+1 6. TETETD)

56 8. 1 9. nn-

(z +2)5 = 25 + 102* + 4023 + 8022 + 80z + 32

(22 — 1)* = 162 — 3223 + 2422 — 8z + 1

(3o +97)° = F2° + 522 + 2y +1°

(x ) =t — 42?4+ 6—dx 24274

—7 — 24i 15. 8 16. i 17. -1
80232 19. 236217 20. —24x3 21. —402~7 22. 70
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adjoint of a matrix, 127
annuity
annuity-due, 173
ordinary
definition of, 171
future value, 172
arithmetic sequence, 160
associative property
matrix
addition, 85
matrix multiplication, 91
scalar multiplication, 87
asymptote
of a hyperbola, 37
augmented matrix, 73

back substitution, 65
binomial coefficient, 189
Binomial Theorem, 190

center

of a circle, 4

of a hyperbola, 37

of an ellipse, 22
characteristic polynomial, 132
circle

center of, 4

definition of, 4

from slicing a cone, 1

radius of, 4

standard equation, 4

standard equation, alternate, 25
cofactor, 121
commutative property

matrix

addition, 85

conic sections

definition, 1
conjugate axis of a hyperbola, 38
consistent system, 59
contradiction, 55
Cramer’s Rule, 124

dependent system, 59
determinant of a matrix
definition of, 120
properties of, 122
dimension
of a matrix, 73
directrix
of a parabola, 11
distributive property
matrix
matrix multiplication, 91
scalar multiplication, 87

eccentricity, 28
eigenvalue, 132
eigenvector, 132
ellipse
center, 22
definition of, 22
eccentricity, 28
foci, 22
from slicing a cone, 2
guide rectangle, 25
major axis, 22
minor axis, 22
reflective property, 29
standard equation, 25
vertices, 22
ellipsis (...), 157
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entry
in a matrix, 73
equation
contradiction, 55
identity, 55
linear of n variables, 60
linear of two variables, 55

factorial, 160, 187
focal diameter of a parabola, 13
focal length of a parabola, 12
focus (foci)

of a hyperbola, 37

of a parabola, 11

of an ellipse, 22
free variable, 58

Gauss-Jordan Elimination, 77
Gaussian Elimination, 63
geometric sequence, 160
geometric series, 175
guide rectangle

for a hyperbola, 38

for an ellipse, 25

hyperbola
asymptotes, 37
branch, 37
center, 37
conjugate axis, 38
definition of, 37
foci, 37
from slicing a cone, 2
guide rectangle, 38
standard equation
horizontal, 40
vertical, 40
transverse axis, 37
vertices, 37
hyperboloid, 48

identity
matrix, additive, 85
matrix, multiplicative, 91

statement which is always true, 55

inconsistent system, 59

independent system, 59
induction

base step, 179

induction hypothesis, 179

inductive step, 179
inequality

non-linear, 148
inverse

matrix, additive, 85, 87

matrix, multiplicative, 107
invertible

matrix, 107

Kirchhoft’s Voltage Law, 110

latus rectum of a parabola, 13
linear equation

n variables, 60

two variables, 55
LORAN, 44
lower triangular matrix, 99

main diagonal, 91
major axis of an ellipse, 22
Markov Chain, 98
matrix
addition
associative property, 85
commutative property, 85
definition of, 84
properties of, 85
additive identity, 85
additive inverse, 85
adjoint, 127
augmented, 73

characteristic polynomial, 132

cofactor, 121
definition, 73
determinant
definition of, 120
properties of, 122
dimension, 73
entry, 73
equality, 84
invertible, 107
leading entry, 75
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lower triangular, 99

main diagonal, 91

matrix multiplication
associative property of, 91
definition of, 90
distributive property, 91
identity for, 91
properties of, 91

minor, 121

multiplicative inverse, 107

product of row and column, 90

reduced row echelon form, 76

partial fractions, 134
Pascal’s Triangle, 194

Principle of Mathematical Induction, 179

radius
of a circle, 4
recursion equation, 160

reduced row echelon form, 76

row echelon form, 75

row operations for a matrix, 74

scalar multiplication

row echelon form, 75
row operations, 74
scalar multiplication

associative property of, 87

definition of, 86

distributive properties, 87

identity for, 87
properties of, 87

zero product property, 87

size, 73

square matrix, 91
sum, 84

upper triangular, 99

minor, 121
minor axis of an ellipse, 22

Ohm’s Law, 110
overdetermined system, 59

parabola

definition of, 11

directrix, 11

focal diameter, 13

focal length, 12

focus, 11

from slicing a cone, 2

latus rectum, 13

reflective property, 16

standard equation
horizontal, 14
vertical, 12

vertex, 11

paraboloid, 16
parametric solution, 58

matrix
associative property of, 87
definition of, 86
distributive properties of, 87
properties of, 87
sequence
n™ term, 158
alternating, 158
arithmetic
common difference, 160
definition of, 160
formula for nt term, 161
sum of first n terms, 171
definition of, 158
geometric
common ratio, 160
definition of, 160
formula for n term, 161
sum of first n terms, 171
recursive, 160
series, 174
square matrix, 91
steady state, 98
stochastic process, 98
summation notation
definition of, 167
index of summation, 167
lower limit of summation, 167
properties of, 170
upper limit of summation, 167
system of equations
back-substitution, 65
coefficient matrix, 95
consistent, 59
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constant matrix, 95
definition, 55
dependent, 59
free variable, 58
Gauss-Jordan Elimination, 77
Gaussian Elimination, 63
inconsistent, 59
independent, 59
leading variable, 62
linear

n variables, 60

two variables, 56
linear in form, 152
non-linear, 143
overdetermined, 59
parametric solution, 58
triangular form, 62
underdetermined, 60
unknowns matrix, 95

transverse axis of a hyperbola, 37
triangular form, 62

underdetermined system, 60
Unit Circle

definition of, 6
upper triangular matrix, 99

vertex
of a hyperbola, 37
of a parabola, 11
of an ellipse, 22
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