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Funny Inspiration

THIS 15 YOUR MACHINE LEARNING SYSTETM?

YUP! YOU POUR THE. DATA INTO THIS BIG
PILE OF LINEAR ALGEBRA, THEN COLLECT
THE ANSWERS ON THE OTHER SIDE.

WHAT IF THE ANSWERS ARE WRONG? )

JUST STIR THE PILE UNTIL
THEY START LOOKING RIGHT

xked.com
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Application for Machine Learning
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Learning Outcomes

Build a case for the role of eigen analysis in machine learning.

Define and describe eigenvalue and its multiplicity, eigenvector,
eigenspace, as well as eigen polynomial.

Solve the characteristic equations to obtain the eigenvalues.

Given an eigenvalue, solve the defining equation to obtain a
representative eigenvector,

Explain and illustrate the abstract version of eigen analysis.

List the properties of eigen polynomial and provide an intuitive
meaning for each property.

A AA AA AKX

Analyze the dimension of a eigenspace in relation to the
dimension and rank of the matrix.

I Perform diagonalization and triangularization for a given matrix.
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Inspiring Quote

| like—I love calculus. | love linear algebra, probability
and statistics, that kind of stuff. | just really like that.

— Pardis Sabeti
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Preamble

T so far, we have understood that a matrix A is no different from a
map (or operator) that transforms a vector v into another vector w,
i.e., Av=w,and v #w.

X What if A transforms some special vectors v back to its own
( eigen) self, up to a proportional constant A ?

Av = Av.

I Now, A is a matrix and it is possible, in principle, to have another
vector that is invariant under A up to another constant 1'.

T Natural questions:

¢ Given a matrix A, how many pairs of (v,A) are there?
What is the meaning of the proportional constant A ?
What is the meaning of v?
How are A; and v; (i=1,2,...,n) linked to the basis of A?
etc

Christopher Ting Practical English June 3, 2020 Version 0.5 7/43
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Eigen Value, Vector, and Space

Definition 2.1 (Eigen Value, Vector, and Space).

With respect to an n-dimensional complex-valued square matrix A,
suppose there exists A and vector v such that

Av=Av  (vee"\{0},1€q).

Then, A is said to be the of A, and v the of A.
Moreover,

Wa(d) = {v e AV = /lv}

is said to be the

Christopher Ting Practical English June 3, 2020 Version 0.5 8/43
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Subspace of ¢”

The eigenspace Wy (1) is a subspace of ¢".

K> Note that 0, though excluded from the definition of eigenvector, is
in Wy ().)

K> Let T be a linear transformation established by A. For any
Vi,va € Wy4(A), and any scalar c € €,

T(vi+Vvy)=T(V1)+T(va)=Avi+Avy=A(V]+V2),
T(CV]) = CT(Vl) = C;LVl = 7L(cv1).
K> It follows that Vi+Vv, € Wa(A) and cvy € Wy (A), which shows that

Wa(A) is a subspace of ¢”.
0J

Christopher Ting Practical English June 3, 2020 Version 0.5 9/43
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Eigen Polynomial of a Square Matrix

Definition 2.3 (Eigen Polynomial).
With respect to an n-dimensional complex-valued square matrix A,

A—an - —an
Dy (A) =det (AL, —A) = det

_aﬂl cee A{ _ann

@, is called the eigen polynomial or characteristic polynomial.

Christopher Ting Practical English June 3, 2020 Version 0.5 10/43
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Theorem

Theorem 2.4.

For a square matrix A, the following statements hold:
Q 1 is the eigenvalue of A <= P, (1) =0.
© The eigenvectorv is a non-trivial solution of

(AI—-A)v =0,

which is a system of first-order equations.

A being the eigenvalue of A implies that Av — AA =0, and vice versa.
That is, it is equivalent to (A1, —A) v = 0. For the system of equations
(AI,—A)v =0 to have nontrivial solutions, according to the theorems
in Lesson 3 about the conditions for trivial and nontrivial solutions, it is
equivalent to ®4(A) = det (Al, —A) = 0. O

v
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Eigen Equation and Multiplicity

The equation ®4(4) =0 is called the of matrix A.
For the n-dimensional matrix A, the order of its eigen equation is n.

The fundamental theorem of algebra indicates that there are n
solutions of complex numbers, some of which may be duplicates,
for any n-order equation.

Hence ®4(A) = 0 has at most n eigenvalues.

Let A1,..., A, (1 £ r < n) be the eigenvalues of A that are different
from each other, and they can be expressed as

np ny
Moy Ayennn .. Ay A
n
Foreachi=1,2,...,r, n; is called the of the

eigenvalue A;.
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Numerical lllustration

K> Find the eigenvalues of [; :;]

Answer: The eigen polynomial is

A—1 1

D4 (A) =det (Al —A) = det [ 3 A42

} =A2+A+1.

+/3i

. . . —1
The solutions of the quadratic equation are —

2 4
Answer: The eigen polynomial is

K> Find the eigenvalues of [1 2}

=2

@4 (A) = det (AL, —A) = det F—_zl . _4] —A(A—5).

The eigenvalues are 0 and 5.
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Eigen Polynomial of Triangular Matrix

K> The eigen polynomial of an upper triangular matrix

ail - Qin
A= LS
0 .
A—an -+ —an
Pu(A) = : =(A—an) (A —am).

O A —an,

'<> According to Theorem 2.4, all the eigenvalues of A are the
diagonal elements ay1,a2,...,am-

K> From the property of determinant, the same result is obtained for
the lower triangular matrix.
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Example 2.5

-2 3

Find the eigenvalue and the eigenspace of the matrix A = [ ! 1] .

> The eigen polynomial of A is

Dy (L) =det(Al, —A) =

A-1 -1
1 A-3

‘:@—m?

¥ Thus, the eigenvalue is 2 with a multiplicity of 2.

> Now, 21, —A = [1 . . ,and

SO

Y Therefore, the eigenspace of L =2 is Wy (2) = {c m ‘c € 9%}

Christopher Ting Practical English June 3, 2020 Version 0.5 15/43
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Example 2.6

Example 2.6.

Find all the eigenvalues and the eigenspaces of A= | —1 2

> The eigen polynomial of A is

A-1 -1 =2
Py(A)=det(Alz—A)=| 1 A-2 -1 |[=A(A-1)(A-3).
-2 1 A-1

> The eigenvalues are 0, 1, and 3.

Christopher Ting Practical English June 3, 2020 Version 0.5 16/43
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Example 2.6 (contd)

K> To solve ®,(0) =0, we consider

-1 -1 =2 1 01
0;—-A=-A=|1 -2 —-1| — |0 1 1
-2 1 -1 0 00
'<> The eigenspace is
X 1
x+z=0
wa0) =4 |yl e T T V=] 1 | |cem
z y+z:0 -1

Christopher Ting Practical English June 3, 2020 Version 0.5 17/43
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Example 2. 6 (Cont'd)

K> To solve ®, (1) =0, we consider

0o -1 =2 1 01
I;—-A=|1 -1 —-1| — |0 1 2
-2 1 0 0 00
'<> The eigenspace is
X 1
x+z=0
wa(1) =4 |y| es3[" "¢ —dc|2||cem
p y+2z=0 1
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Example 2.6 (contd)
K> To solve ®,(3) =0, we consider
2 -1 =2 1 0 —1
3A;—A=| 1 1 —-1{—10 1 O
-2 1 2 00 O
'<> The eigenspace is
* x—z=0 1
Wa(3) =< |y| e’ =<c|0]| |cem
z = 1
[]

Christopher Ting Practical English June 3, 2020 Version 0.5 19/43
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Linear Transformation

Definition 2.7 (Linear Transformation’s Eigenvalue & Eigenvector).

Let the linear transformation defined on vV be T : V — V. With respect
tov—T(v),
T(v)=Av,

for which the scalar A € ¢ and the vector v € V\{0} exist. Then, 1 is
said to be the eigenvalue of the transformation 7, and v is the
corresponding eigenvector.

Definition 2.8 (Linear Transformation’s Eigenspace).

For any linear transformation 7 : V. — V and its any eigenvalue A, the
eigenspace is defined as the subset:

Wr(A)={veV|T(v)=2av}.

V.
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Wr(A) is a Subspace

K> Write the identity transformation as 1.
Y By the definition of eigenspace, for any v € Wy (4):

Av—T(v)=0 < (A1-T)(v)=0.

> Hence, we find that Wy (1) = Ker(A1 —T)
K> It follows that Wr(A) is a subspace of V.

> The subspace Wr(A) is analogous to the subspace defined by
(AI,—A) =0.

Christopher Ting Practical English June 3, 2020 Version 0.5 21/43
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Eigen Polynomial of a Transformation

Definition 2.9.

> With respect to the linear transformation 7 : V. — V, the
corresponding matrix of 7 in relation to the basis {v;,v,,...,v,} is
denoted by A.

K> In other words, A is a complex-valued square matrix such that
(T(v1),-... T (V) = (v1,-..,v)A.

K> Then, the or ®r(1)
is defined as
D7 (L) = Dy(A) =det (AL, —A),

with A € ¢.

Christopher Ting Practical English June 3, 2020 Version 0.5 22/43



Introduction Eigenvalue & Eigenvector Properties of Eigenvalues Diagonalization and Triangularization Takeaways
000000 000000000000 e00 000 0000000000

(o]

Polynomial Equation

Theorem 2.10.

For a linear transformation T and a scalar A,

A is an eigenvalue of T <= &r(4)=0.

> Proof (=)

e [f A is an eigenvalue of T, there exists v € V such that T(v) = Av,

which is equivalent to Av — T'(v) =0, which implies that ®7(1) =0
by definition.

K> Proof (=)

® Let A be the representation matrix of T in relation to the basis
{vi,...,v,} of V.

Christopher Ting Practical English June 3, 2020 Version 0.5 23/43



Eigenvalue & Eigenvector
000000000000 e00

Polynomial Equation (contd)

Then, A can be expressed as v = (vy,...,v,)x, where x € €". With
A € € denoting a scalar, we have

AV=TWV)=A(vi,....va)x— (T("1),...,T(va))x
=] (vh...,Vn)(Ax_Ax)
= (V17...,Vn) (Aln _A)x

By assumption, (A1, —A)x =0

Therefore, we obtain a system of linear equations.

Since x is arbitrary, for A to be the eigenvalue, the system of linear
equations must have non-trivial solution.

The necessary and sufficient condition is that det (A1, —A) =0. [

Christopher Ting Practical English June 3, 2020 Version 0.5 24/43
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Eigenspace of a Linear Transformation

Theorem 2.11.

For the linear transformation T : V — V, let A be the representation
matrix of T in relation to a basis {vi,...,v,} of V. The eigenspace of T
is given by

X1
Wr(A) =S v=xivi+-+xvlx=|: | €€, (A, —A)x=0.

Proof.

By construction, we have T(v) = Av. Itis equivalent to Ax = Ax. In
turn, it is equivalent to (11, —A)x = 0. We just need to solve for x and
use its elements as the coefficients in the linear combination involving
the basis {vi,...,v,} of V. O

| §<
\

v
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Example
Example212.

With respect to the 3-dimensional space,

Rx], = {ao —i—alx—l—azxz’ao,al,az € R},
find the eigenvalues and eigenspaces for the following linear
transformation 7 : R[x], — R[x]»:

T(f(x) = f"(x) = 2xf"(x) = f(x)

K> The basis of R[x] is {1,x,x%}. By definition, T'(1) = —1,
T(x) = —3x, and T(x?) = 2 — 5x°.

> Hence, in terms of columns, the representation matrix is given by

-1 0 2
(T(l),T(x),T(xz)) =(,x,x®) | 0 =3 0 |=:(1,xx)A.
0 0 -5

Christopher Ting Practical English June 3, 2020 Version 0.5 26/43
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Example (conta)

It is easy to see that the eigenvalues are —1,—3, and —5.
To find the eigenvector, we need to solve (A1 —A)v =0.

For A = —1, the eigenvector is found to be ag , Where ap € R.

For A = —3, the eigenvector is found to be a; , where a; € fA.

r 1

= —1

For A = —5, the eigenvectoris foundtobea, | 0 | =ax | 0 |,
1

S 0 B0

1_
where a; = Ea € A.

Christopher Ting Practical English June 3, 2020 Version 0.5 27/43
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Example (conta)
e Consequently, the eigenspaces are
Wr(=1) = {f(x) = ao|ao € R},
= {f(x) = aix|a; € R},

5)={f(x) =—a2+2a2x2|a2€fﬁ}
= {f(x) = a2(2x* = 1)|a, € R}.

Christopher Ting Practical English June 3, 2020 Version 0.5 28/43
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Properties of Eigen Polynomial
»> For any n-dimensional square matrix A and an n-dimensional
regular matrix P,
Pa(A) = Pp-14p(1).
That is, A and P~'AP have the same eigenvalues.
P> Py(L) =Dy (A).

> The eigen polynomial ®7(1) does not depend on the basis of V
and it is uniquely determined.

Christopher Ting Practical English June 3, 2020 Version 0.5 29/43
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Dimension of Eigenspace

(o]

Theorem 3.1.

For a linear transformation T : V — V with eigenvalue A,
dimWr(A) = dimWy (1) = n—rank (A, —A), (1)

where A is the matrix in correspondence with the transformation T for
any arbitrary basis {vi,va,...,v,} of V. Moreover,

dimWr(A) =dimW4(A) >0 <= O0=rank(Al,—A) <n.

Christopher Ting Practical English June 3, 2020 Version 0.5 30/43
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Theorem
Theorem 3.2.

With respect to a transformation T on an n-dimensional linear spaceV,

ie,T:V—V,leth,...A (1 <r<n) be the eigenvalues that are
different from each other. Then

(1) Foreachi=1,...,r, letv; e Wr(4;)\{0}. Thenv,,...,v, are
linearly independent.

i=1
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Diagonalization

~~ For a square matrix A, there exists regular matrix P, if P~'AP is a
triangular matrix, A is said to be triangularizable. In particular, if
P~'AP is a diagonal matrix, then A is said to be

Theorem 4.1.

For any n-dimensional square matrix A, let the solutions of ®4(A) =0
bei,...,.\n €€ andletP=[x; x, --- x,| wherex, is the
eignvector corresponding to the eigenvalue A;. Then,

A 0

Christopher Ting Practical English June 3, 2020 Version 0.5 32/43



Introduction Eigenvalue & Eigenvector Properties of Eigenvalues Diagonalization and Triangularization Takeaways
000000 000000000000 000 000 0O@00000000

(o]

Diagonalizability and Eigenvalues

Theorem 4.2.

For any n-dimensional square matrix A, denote the mutually different
eigenvalues of A by Ai,..., A (1 £ r = n), and the multiplicity of A; by n;.
Then, the following 3 statements are equivalent.
o dimWA(li) =n; (i = 1,2, o0 .,r)
Q ) dimW4(4)=n
i=1

© A is diagonalizable.

v

Theorem 4.3.

If the n eigenvalues of an n-dimensional square matrix A are all
different, then A is diagonalizable.

v

Christopher Ting Practical English June 3, 2020 Version 0.5 33/43
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Example
. 4 =3
LetA = [2 _J.
A—4 3
~ det (Al —A) = ‘ ) A+1‘ =A-4)(A+1)+6=
(A-=1)(A—=2)=0.
~~ Having found the eigenvalues 1 and 2, we proceed to find the
eigenvectors:
4 —3] [x] [x] 1]
2 1] _y__l 5 — WA(I)—{a_l— ae%}.
(4 3] [x] [x] 3]
2 —1] |y =2 ) = WA(Z){b 2] bef)%}.
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Example (conta)

- 13
Le‘rP[1 2].

—1
~~ |t follows that the diagonal matrix is obtained as follows:

e | | R P

~~ We compute P! = [_12 3 ]

Christopher Ting Practical English June 3, 2020 Version 0.5 35/43
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Example

1 4
~~ The eigen polynomial is ®4(1) = (A —3)>.
~~ The eigenvalue is 3. Hence,

312—A:|:1 1:|—>

~~ Consider the matrix A = [2 _1]

~~ In view of (1) in Theorem 3.1
dimWy(3) =2 —rank(3l, —A) =2—1=1.

~~ The multiplicity of A = 3 is 2. Since dimW,(3) # 2, and in view of
Theorem 4.2, we conclude that A is not diagonalizable.
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Triangularizable

(o]

Theorem 4.4.

For any n-dimensional square matrix A, denote the eigenvalues of A by
A,..., A (€ @) Then, there exists a regular matrix P such that

PN *
P AP =

0 .. o

That is, any arbitrary complex-valued square matrix A is
triangularizable.
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Followup of Example in Slide 36

~~ Earlier, we have shown that A = [2 _1] is not diagonalizable.

1 4
~~ |tis triangularizable? According to Theorem 4.4, it should be.

~~ An eigenvector of eigenvalue of 3 is x; = [_IJ

~ Next, find a vector x, = B] that is linearly independent to x;.

x'l [p] =0 == p=q.

q

~~ Hence, we set p = g = 1, and the basis of R? is obtained as
{xl,xz}.
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Followup of Example in Slide 36 (con'tq)

~~ \We calculate

Ax, —3x, = (A—3L)x, = [_11 _11] F] = [_22} = —2x).

Consequently, Ax, = —2x; + 3x;.

~~ To consolidate, A [-xl x2] = [le —2x) +3XZ] _ [xl xz] |:3 —2:| .

~~ Accordingly, we let P = [x; x| = {_11 }

],and

AP:P[3 _2] — PIAP:[?) _32]

Christopher Ting Practical English June 3, 2020 Version 0.5 39/43
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Theorems
Theorem 4.5.

For any n-dimensional square matrix A, denote the eigenvalues of A by
A,..., Ay (€ €) Then, the following two equations are true.

Q TrA=A1+-+4A,.
Q detA=2;---2,.

The Caley-Hamilton Theorem
For any arbitrary n-dimensional square matrix A, when its eigen
polynomial is 4 (L), then ®4(A) =0,.

Theorem 4.7.

Given a real-valued n-dimensional square matrix A, the following two
Statements are equivalent:

@ A is symmetric.
© A is diagonalizable.

V.

Christopher Ting Practical English June 3, 2020 Version 0.5 40/43




Introduction Eigenvalue & Eigenvector Properties of Eigenvalues Diag ion and Triang ization Talk
000000 000000000000 000 000 000000000e (o]

lllustration of detAs .3 = A1 x5

A full rank square matrix: Result of diagonalization:

As3=[ay a a3] P )})1 f 8
= >
0 0 A3

Practical English

Christopher Ting

June 3, 2020 Version 0.5
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Takeaways

L2 Eigen analysis is essentially a change of basis of a matrix (or
transformation) to one that is orthogonal in the same space.

L2 An application of eigen analysis is dimensionality reduction in
machine learning.

L2 Eigenvalue may be interpreted as the “length” of a particular
dimension in the multi-dimensional space.

L2 Eigenvalues are found by solving the eigen equations.

L2 The eigenvector for an eigenvalue is not uniquely determined; a
scalar multiple of the eigenvector is also an eigenvector.

L2 When the n-dimensional matrix is full rank, the multiplicity of every
eigenvalue is 1.

L2 The eigen polynomial is invariant under transpose, matrix
transformation, diagonalization and triangularization in particular,
by a regular matrix.

L2 The eigenvectors are linearly independent.
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