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Approach

You cannot teach a man anything, you can only
help him find it within himself.

—Galileo Galilei

Christopher Ting Practical English May 25, 2020 Version 0.5 3/35
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Quotable Quote

| never teach my pupils. | only attempt to provide
the conditions in which they can learn.

Christopher Ting Practical English May 25, 2020 Version 0.5 4/35



Introduction
oooe

Learning Outcomes

I Describe and compare different types of maps: onto (surjective),
one-to-one (injective), bijective, composite, identity, inverse, and
isomorphic maps.

Identify the characteristics of a linear map and examine its
relationship with vectors and matrices.

Evaluate whether a transformation is linear or prove that a
transformation is linear.

Interpret the concept of representation matrix of a map.

AL A A

Describe the relationships between image, kernel, dimension of
the linear space, the rank of a matrix, and how the rank is
connected to injection and surjection.

I Appraise and connect the concept of isomorphic map to basis
transformation and the regularity of a transformation matrix.
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Map

? Mapping or f:X—Y.
X Y

? Example: ISOweekday X = {Sunday, Monday, . .., Saturday}, and
Yy ={0,1,...,6}.

Christopher Ting Practical English May 25, 2020 Version 0.5 6/35



Introduction Map Linear Map Image and Kernel Different Basis Takeaways
0000 0000000000 000000000000 000 [e]e] [e]e)

Mapping of Subset and Image

? The image f(X)= {f(x)‘xe}?}.
X Y

? Example: X =[0,27] c R =X and y = f(x) = sin(x). Hence,
fX)=[-1L1]cRr=Y.

Christopher Ting Practical English May 25, 2020 Version 0.5 7/35
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Domain and Range (Image)

? LetT:U — V be a map.

U is called the domain of T and V the codomain.

? The range or image of T, denoted by range(T), is the set of all
possible outputs in the codomain.

? Mathematically, range(T') = image(T) = {T(x) : x € U }.

? For example, if T is given by T (x) = Ax for some matrix A, then the
range of T is given by the span (set of all possible linear
combinations) of A’s column vectors.

Christopher Ting Practical English May 25, 2020 Version 0.5 8/35
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Surjection

? Tis said to be (or ) if its range equals the
codomain.

? It means that every vector in the codomain can be the output of 7.
T iris surjective, it is called a
? Example

wr(2)-[2)

* Note that every vector in range(T) is of the form {_aa

® Hence, T is not surjective since there are vectors in 72 that are not

in the range of T, e.g. H
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lllustration of Surjection

Domain Range

Practical English May 25, 2020 Version 0.5 10/35
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Injection and Bijection

? T is said to be (or ) if for all distinct x,y € U,
T(x) #T(y).

? It means that different inputs lead to different outputs.

?UTis injective, it is called an

? Example

® Consider the same T in the example above. It is not injective
because for every a € R,

a a—a 0
(i) [ -[a)
? 1 T is both surjective and injective, it is said to be and
wecall T a

Christopher Ting Practical English May 25, 2020 Version 0.5 11/35
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lllustration of Injection and Bijection

Injection Bijection

Christopher Ting Practical English May 25, 2020 Version 0.5 12/35
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Some Important Maps

? The . f(x) =xforallx € X.

? A ‘letf:X—Yandg:Y — Z. Then
gof:X — Zis a composite map. In other words,

(gof)(x) =g(f(x)).

? The :Letf: X —Y.ThenforyeY,thesetofxe X
that satisfies f(x) =y is called the inverse image, and it is
represented by f~!(y). That is

) = {xe x| =y}

? i f: X — Y is bijective, there is only one inverse image that
corresponds to every y € Y. Then we have the inverse map from Y
back unto X, and it is expressed as f~!, so that x = f~1(y).
Moreover, f~! : ¥ — X is bijective too.
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lllustration of Composite Map

? A composite map: (gof)(x) =g(f(x)).

X Y Z
i g

_— > N —
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lllustration of Inverse Map

? The inverse map f~!(y) = {x EX‘f(x) :y}.
X Y

f(x)

"
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Definition of Linear Map

> LetV and W be vector spaces.

> AmapT:V —Wisa if for any two
vectors x and y in V and any scalar ¢ € R, the following are
satisfied:
T(x+y) =T(x)+T(y) (1)
T(cx) = cT(x) (2)
Practical English May 25, 2020 Version 0.5 16/35
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Matrix as Linear Map

Theorem 3.1.

LetA be am x n matrix. Consider a map g from R" to R™ determined
by the matrix A:

g:x— y=Ax (xei)f{”;yei){”‘).

The map g is a linear map.

Proof.

|

%> For x,x, € %", we have y, = g(x;) and y, = g(x2).
> Now, g(x; +x2) =A(x] +x2) =Ax; +Ax; =y, + ;.
>> Hence, (1) is satisfied.

> Next, let ¢ be the scalar. (2) is satisfied as well:
g(cx) =A(cx) = c(Ax) = cg(x).

O]
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Example: Rotation Matrix

> A point P(x,y) on a plane is rotated 6 degrees anticlockwise with
/
respect to the origin 0(0,0). Is [;c/] :f(m) a linear map?

y

0
o X

0(0,0)

Christopher Ting Practical English May 25, 2020 Version 0.5 18/35
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Answer to Example 3.2
%> In the polar coordinate system, x and y can be expressed in terms
of the radius r and the angle a:
x=rcos(a), y=rsin(a).

»> It follows that
O;WS_ fcos(OH-G)} B {rcos(a)cos(@)—rsin(oc)sin(@)
Y| |rsin(a+86)|  |rsin(6)cos(cr) 4 rcos(0)sin(a)
_ [cos(0)x —sin(6 )]
sin(6)x+cos(0)

_ [cos(0) —sin(6)
~ |sin(@) cos(0)
>>> According to Theorem 3.1, f: ;R2 —» 9,2 is a linear map through

R(0) = [2?5533 per )

Christopher Ting Practical English May 25, 2020 Version 0.5 19/35
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Example: Projected Rotation

%> Let (a,b,c) be the coordinates of a point P in 3.

> Then, we define u; = [Zfs((g))] , Up = [Z?;((g))} and uz = m

> Let us define a point Q in K2 by

@ = au| + buy + cus.
> Let (p,q) be the coordinates of point Q.

> |s the map from (a,b,c) to (p,q) linear?

Christopher Ting Practical English May 25, 2020 Version 0.5 20/35
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lllustration of Projected Rotation
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Answer to Example 3.3

> |In the matrix form, the relationship between (a,b,c) and (p,q) is
given by

[z] =[u wu us E’] - [(;10;((3)) (S:?ns((g)) (1)} [

> Defined = |‘n() ) 0.

> |t follows that
a
m —Alb|.
q C

> Applying Theorem 3.1, we conclude that the map f: R3 —s R2 is
a linear map.

o S Q
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Isomorphic Map

Definition 3.4.

Let f be a linear map from the linear space U to another linear space
V. Moreover f is assumed to be bijective. When these conditions are
fulfilled, f is said to be an isomorphic map, and U and V are said to
be isomorphic.

Theorem 3.5.

| N

When the linear spaces U andV have the same dimension, then there
exists anisomorphic map that connects these two spaces.

Christopher Ting Practical English May 25, 2020 Version 0.5 23/35
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Proof of Theorem 3.5

Let dimU = dimV = n, and let their respective basis be
{uj,uy,...,u,} and {vy,va,...,v,}.

U being a linear space, we can write x = ciu; + - - - + c,uy.

Let f: U — V be a linear map, so that f(u;) = v;, where
i=1,...,n. Consequently, f(x) =civi+---+cuvy.

¥ % %

Suppose U 5y =du; +---+d,u,. Then

f(x+y) = (c1+di)vi+- -+ (cn+dn)Vn
= (c1vi+-+cavn) + (divi+ -+ dyvn)
=f(x)+f(y)-

b>  Also, for a € R,
flax) =ac\vi+--+acyvy = a(civi+ - +cyvn) = af(x).

Christopher Ting Practical English May 25, 2020 Version 0.5 24/35
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Proof of Theorem 3.5 (contd)

For allx e U, the range {f(x)[x € U} is V. So f is surjective.

Moreover, we let f(x) = f(y). By definition, ¢; = 4d,,...,c, = d,, and
it follows that x =y, which means that f is injective.

Being both surjective and injective, f is therefore bijective.

% %%

The conditions in Definition 3.4 are satisfied, which means that f
is isomorphic.
L]
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Example of an Isomorphic Map

Example 3.6.

> Consider the set of quadratic functions:
Rx]p = {a0+a1x+a2x2‘ao,a1,a2 € R}
> The standard basis of R[x], is {1,x,x2}.
%> Itis clear that dimR[x], = dim9%R® = 3.
b By Theorem 3.5, there exists an isomorphic map that connects
Rx], and R3.
>

Concretely, p = s +tx+ux*> € Rjx], and
S

f(p) =sei+testues= |t| € R.
u

Christopher Ting Practical English May 25, 2020 Version 0.5 26/35
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Representation Matrix of a Map
Definition 3.7 (Representation Matrix of a Map).

> Let {uy,up,...,u,} and {vy,v,,...,v,} be the respective basis of
linear spaces U and V, and f: U — V is a linear map.

> When uy,us, ..., u, are mapped by f, they become the elements of

V and thus can be written as the linear combinations of
Vi,V2,...,V,. Thatis,
fluy) =anvi+anva+--+amivm,

f(up) = anvi +anva+ -+ amVm,

f(un) =aV1 t+auvy+ -+ aupVim.

> LetA=[a;], . Itis called the with
respect to {u;,us,...,u,} and {v;,v,,...,v,}, and the

Christopher Ting Practical English May 25, 2020 Version 0.5
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Example

Example 3.8.
Find the matrix A that corresponds to the map f in Example 3.2.

»> The standard basis of %2 is e; = [(1)] and e, = m .

>> Accordingly,
f(er) =cos(0)e; +sin(0)er, f(ex) =—sin(0)e; +cos(O)es.

>> |t follows that

er sl =i el oo

> Thus, we have found A to be the rotation matrix
__[cos(B) —sin(0)
RO [sin(e) cos(0)

Christopher Ting Practical English May 25, 2020 Version 0.5 28/35
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What is image? What is kernel?

Let f be a linear map from the linear space U to another linear space
V.

~ The of f is the set
Imf:={f@uecU} (=fU)),
which is a subspace of V.
~ The is the set
Kerf :={u € Ul|f(u) =0},

which is a subspace of U.

Christopher Ting Practical English May 25, 2020 Version 0.5 29/35



Image and Kernel
0e0

Examples of Image and Kernel

Image

- In Example 3.2, all the points of %2 can be rotated. Therefore
Imf = {(x,y)|x,y € R} = R

- All the points of 93> can be mapped to the x axis by a linear map f.
Therefore, Im f = {(x,0)|x € R}.

Kernel

= In Example 3.2, only the origin can be mapped to the origin.
Therefore Kerf = {(0,0)}.

“— All the points of the y axis are mapped to the origin but not the
other points in R2. Therefore,
Kerf = {(0,y)|£(0,y) = (0,0),Vy € R}.

Christopher Ting Practical English May 25, 2020 Version 0.5 30/35
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Theorems
~ Kerf = {0} < f is bijective.
dimKer f + dimImf = dimU
“— With respect to m x n matrix A and n x £ matrix B,

(

rankAB < rankA, and rankAB < rankB.

“— With respect to m x n matrix A, m-dimensional regular square
matrix P, and n-dimensional regular square matrix Q,

rank PA = rankA = rankAQ.

“— Let A be the matrix that corresponds to the linear map
[ R" — R™. Then
@ rankA = n < f is injective.
©Q rankA = m < f is surjective.

Christopher Ting Practical English May 25, 2020 Version 0.5 31/35
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Theorem on Basis Transformation

Theorem 5.1.

? Let P be the basis transformation matrix for the n-dimensional
linear space U. It transforms the basis {u;,u,,...,u,} to another
basis {uy,us,... ,u,}.

? Likewise, Q denotes the basis transformation matrix for the
m-dimensional linear space V. It transforms the basis
{vi,v2,...,v,} to another basis {v,vy,...,vn}.

? fisalinearmap f:U — V with A being the corresponding
representation matrix that transforms the basis of U,
{ui,uz,...,u,}, to the basis of V, {vi,va,...,vp}.

? Then, the matrix A that corresponds to the transformation of
{ﬁl,ﬁz, 500 ,ﬁn} to {’\71,;2, 500 ,Vm} is

A=Q 'AP.

Christopher Ting Practical English May 25, 2020 Version 0.5 32/35
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Isomorphic Map and Regularity of Matrix

Theorem 5.2.

Let P be the basis transformation matrix for the n-dimensional linear
space U. It transforms the basis {u,,u,,...,u,} to another basis
{uy,up,...,u,}. Let f:U — U be a map with A being the
corresponding matrix with respect to the basis {u,,u,,...,u,}. The
matrix that corresponds to the map f with respect to the basis
{uy,uy,...,u,} isA . Then

A =P 'AP.

Theorem 5.3.

Linear map f being isomorphic is equivalent to the matrix A that
corresponds to f being regular.

| \
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Takeaways

L2 A map is a generalized version of function.

L2 A linear map from a space to another space provides a geometric
meanings such as rotation and projection to its corresponding
matrix that is closed under addition and scalar multiplication, i.e.,
linear combination.

L2 The inverse map is unique only for the bijective map.

L2 Isomorphism refers to two linear spaces having a bijection
connecting every point of one space to the corresponding point in
the other space.

L2 The kernel is in the input space, and the image is in the output
space.

L2 Isomorphic map is equivalent to a regular matrix that corresponds
to it.

Christopher Ting Practical English May 25, 2020 Version 0.5 34/35
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