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Learning Outcomes

% Gain deep insights into or
m classical conditions (assumptions) of simple Ilnear regression
FOC (first-order condition)
solutions of two FOC’s (OLS estimators)
weights of simple OLS
distribution of OLS estimators
properties of residuals
hypothesis testing (significance test) of OLS estimates

% Define BLUE (best linear unbiased estimator).

% Gain deeper insights into asymptotic properties, consistent
properties, and coefficient of determination of simple OLS.

% Describe how OLS estimates can be applied to forecasting.

% Develop a working knowledge of OLS regression by applying the
theory to hedging an equity portfolio with stock index futures.
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Motivation

% So far we look at one time series or one set of data X.
% What about two sets of data X and Y?

Example: Annual Returns of 30 Hedge Funds

The population consists of 30 hedge funds that follow the same
strategy, but of different length of the lockup period (minimum
number of years an investor must keep funds invested).

Lockup (years) Return (% per year) Average Return

5 10 14 14 15 12 13
6 17 12 15 16 10 14
7 16 19 19 13 13 16
8 15 20 19 15 16 17
9 21 20 16 20 18 19
10 20 17 21 23 19 20
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Scatter Plot
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% The scatter plot indicates that there is a positive relationship between

the hedge fund returns and the lockup period.
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Covariance
Definition of Covariance
Covariance is a generalized version of variance. It is defined as

C(X,Y)=oxy :=E ((X = MX) (Y — uy)) .

Variance is a special case: C(X, X) = oxx =V (X).
Whereas variance is strictly positive, covariance can be positive,
negative, and zero.
If X and Y are independent, then it must be that C(X,Y) = 0.
If C(X,Y) =0, itis not necessarily true that X and Y are
independent.
Exercise: Show that
B oxy =E(XY) — puxpy.
B C(X,Y)=C(Y,X).
BCX+Y,2)=C(X,2)+C(Y,2).

* Kk Kk Kk ¥
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Linear Combination of Two Random Variables
Proposition

Suppose X and Y are a pair random variables with means
wx =E(X) and uy = E(Y), respectively. Also, suppose a and
b are two constants. Then,

V (aX +bY) =a®V (X) + b8’V (V) +2abC (X,Y).

Proof
B V(X +bY) = E (X +5Y)?) — (apx + by ).
B Expanding the two quadratic term and collecting the expanded
terms accordingly, we obtain
K (X2) —a?yk + VR (YQ) —b?pd +2abE (XY) — 2abux py .
= d® (B (X?) — pk)+b° (B (V?) — p3)+2ab (E (XY) — puxpy) -
Note: If X and Y are independent, then
V (aX +bY) =a®V (X) + b6V (V).
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An Estimator of Covariance

Definition of Sample Covariance

Given the paired data, (z;,y;),i = 1,2,...,n, the sample
covariance is defined as

1

Oxy = p— Z (zi — fix) (i — Ay)-

* Note that C (X;,Y;) =0, if i # j.

% Proof:
Suppose Y and X are related by a mapping, i.e., Y; = f(X;).
The mapping involves the paired copies because each Y, is
independent of Y'; due to random sampling. Otherwise, if
Y = f(X4, X;), then Y; may depend on Y'; indirectly since
Y= f(Xn, X).
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Correlation: Normalized Covariance

% The normalization of covariance gives rise to correlation, which is

. OXYy
defined as pxy := .
0X0y

% Correlation has the nice property that —1 < p < 1. If two variables
have a correlation of +1 (-1), then we say they are perfectly
correlated (anti-correlated).

% If one random variable causes the other random variable, or that
both variables share a common underlying driver, then they are
highly correlated.

% But high correlation does not necessarily imply causation of one
variable on the other.

% If two variables are uncorrelated, it does not necessarily follow
that they are unrelated.

% So what does correlation tell us?
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Classical Conditions

# Given n pairs of observations on explanatory variable X; and
dependent variable Y;, Model 1 of QF302 is

Yi=a+bX;+e;, 1=1,2,...,n, (1)

where e¢; is the noise. Model 0is Y; = a + ¢;.

# Assumptions:
(A1) E(e;) =0 for every ¢
(A2) E(e}) = o?
(A3) E(e;e;) =0 foreveryi,j
(A4) X;,e; are independent for each i, j

(A5) e; £ N(0, 02)
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First-Order Conditions of Least Squares

& Least Squares: Minimizing the sum of squared errors:

mane Z E—ZX@-)Q

=1

no 2 n N
0L _ 5% (vi—a—bx;) =0

86, =1
n 2 n N
0T L o x(-a-ix) =0
=1

& These least squares minimization conditions are “ordinary”.

Christopher Ting agorithmic Finance July 5, 2018
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Ordinary Least Squares Solutions

4 Solution of first FOC 4 Solution of second FOC

v =3 a4 Y0, S XY =3 Xa+d ix?
i=1 i=1 i=1 i=1 i=1 i=1

= nY =nd+nbX - ZXiY;:ZXia—'_BZX?
— Y=3a+0bX — ZXY Zx Y - bX) +bZX2
= =Y -bX -

- 3
i=1

(- 7) =BYXi(x, - X)

X,
_ Z?:l X (Yi B 7)
- Z?:l Xi(Xi - Y)

!
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OLS with Centered Regressor

» More convenient to start with the centralized linear model

» OLS

» FOC
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Linear Estimators
< Solution of FOC'’s

a* Y
s DL (K -D)(-7)
Yin (X = X) (X - X)
< Define the weights
1 (X; — X)X (X; — X)

n ~N 2; UH = n
n Zi:l (Xi - X) Zi:l

<t Hence, linear combinations:

n n
a= E v; Yy b=§ w; Y;
=1 =1

< Remark:

n
<\ 2 ~
E (Xi —X)" =(n-1)75%
=1
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Properties of Weights and OLS Estimators

o Properties of v;
2

n n , 1 X n
Z’Ui:1, Zvl-:g—l— 5 ZUiXiZO
=1 =1 ) i=1

Z?:l (Xi - X j=

o Properties of w;

n n 1 n
=1 i=1 =1

n \2"’
D1 (Xi - X)
o Finite sample properties of OLS estimators: Unbiasedness

a = Zvi(a+in+ei):a+Zviei = E(a):a
i=1 i=1

/[; = Zwi(a—i-in—Fei):b—i—Zwiei - E(/b\):b
i=1 i=1
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Variance and Covariance of OLS Estimators

E((@-a)°) =E <<z:;v ei)2> :gm(vf)m e

_ 1+X2>
\n T, (X -X)°

v(3) = E((6-1)°) = ((Z:we)2> :iE(w?)E(eQ)

(k)
AZL (6 -X)°

P
©)
Il
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Distribution of OLS Estimators

%+ Slope estimator

’I;:ZZLZI(XZ_Y)(E;?)’ ’b\fL N(b,a?( 1 _2>
i (X — X) i (Xi = X)

% Intercept estimator

=2
=Y -0X; aiN<a,o§<1+ ~ - _2>> (3)
n Zi:l(Xi_X)
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Distribution of OLS Estimators in Matrix Form

% To incorporate

CDE (2?_1 é —Y)"’) |

9» Normal distribution

a o2 <% + —?:1 ();i—X)2> —o? ( " (); —X)2>
 (x-X) ) U§< i1 (;(i_y) )
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Effect of the Variance of X

% What happens if >~ (X; — X)? = n5% is big or small?
i=1

>
>
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Properties of Residuals
1 Once the estimates @ and b are obtained, we have
é\i:}/i—a_/l;Xi- (4)

1 The variance of residual e;,7 = 1,2,...,n is estimated as

t Mean and variance of ¢; conditional on X;
Ex, (&) = Ex,(Yi) —a — b X;;

~\ 1 (X — X)?
Vx, (ez) = Ug <1 - Z?:l(Xi X)2> )
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Hypothesis Testing

00000

— Series of residuals
&=Y—a—bX,,

— Unbiased estimator of residual variance

I &
~2 ~
Oe = —9 ; 62
— Testing null hypothesis Hy : b = 5 (e.g. 3 =0)
b
tn—2 = - /81
e om a=x)”

— Testing null hypothesis Hy :

tp_o =

Christopher Ting agorithmic Finance
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Forecasting H

[e]

n

edging Applications Takeaways
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[e]

(7)
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Lockup and Hedge Fund Return

# Does the number of lockup years “explain” hedge fund return?

Lockup Return (%)

X Y X-X Y-Y Gxy 0%
5 10 -2.5 -6 15 6.25
6 12 -1.5 -4 6 225
7 19 -0.5 3 -1.5 0.25
8 16 0.5 0 0 025
9 18 1.5 2 3 225
10 21 2.5 5 12.5 6.25
Sum 45 96 0 0 35 175
Average 7.5 16

& . ~ 35 ~
U The OLS estimates are b = T = 2,anda =16 -2 x 7.5 = 1.
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Standard Errors

# First, compute the fitted value: ¥; — @ + bX,
Y : 11,13,15,17,19,21

" Next compute the residuals: ¢; = Y; — Y;

& —1,-1,4,—1,-1,0
- 6
# sum of squared residuals: D =20 = 52=20/(6-2)=5.
=1

Lo Compute the standard error of b:

& 1 5
SE(b) := 0. — = \/ = 0.5345.
R e e

" Compute the standard error of a:
X 5 5x7.52
— + [ —

1
SE(a) :=0.,|— + —— =
(&) =5 Jn S -x)° Ve 175

Christopher Ting agorithmic Finance July 5, 2018
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t Statistics

# To test the null hypothesis Hy : b = 0,

b—0 2
SE() ©0.5345 3.7

ta(b) =

# To test the null hypothesis Hy : a = 0,

a— 1

4(2) = g7y -
N T SE(a)  aats

Christopher Ting agorithmic Finance

=0.24.
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What Does the t-Distribution Look Like?
()

normal distribution

t-distribution

u X
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Connection between t and Normal Distributions

# A tdistribution with an infinite number of degrees of freedom is a
standard normal, i.e. t., < N(0,1).

Lo Examples
Significance level t40 7
50% 0 0 0
5% 1.64 1.68 2.13
2.5% 1.96 2.02 2.78
0.5% 257 2.70 4.60

# The reason for using the t-distribution rather than the standard
normal is that we need to estimate o2, the variance of the
disturbances (aka noise or errors).
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Rejection Regions for Two-Tailed Test

2.5%
rejection region

f(%)
A

95% non-rejection region

rejection region

2.5%

-2.086

Christopher Ting
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Rejection Region for One-Sided Lower Tail Test

S(%)
A

5%

—_— . 95% non-rejection region
rejection region

Y
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Rejection Region for One-Sided Upper Tail Test
(%)
A

9%

o PR .
95% non-rejection region rejection region

X
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Another Example: Estimates
Let X/ =X, - X,andY;*:=Y; - Y.

Observaton X; Y; Xy Y* X2 Y2 X X5 X,Y7 XY
1 10 11 2 1.4 4 1.96 20 14 2.8
2 7 10 -1 0.4 1 0.16 7 2.8 0.4
3 10 12 2 2.4 4 5.76 20 24 4.8
4 5 6 -3 -36 9 12.96 -15 -18 10.8
5 8 10 0 0.4 0 0.16 0 3.2 0
6 8 7 0 -26 0 6.76 0 -20.8 0
7 6 9 -2 -06 4 0.36 -12 -3.6 1.2
8 7 10 -1 0.4 1 0.16 -7 2.8 -0.4
9 9 M 1 1.4 1 1.96 9 12.6 1.4
10 10 10 2 0.4 4 0.16 20 4 0.8
Average 8 96 0 0 28 304 28 21 21 Total
~ 21 R
b=—=0.75, a=96—-0.75x8=3.6

Y; = 3.6 +0.75X;

Christopher Ting agorithmic Finance July 5,2018 31/49
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Regression Result

12 X
y=36+075x -
11 X X
///
10 X X X
—
-
9 X ///
8 4//
7 //'//7 X
6 X
5 5 6 7 g 9 10 i
1 10
2= ——) &2 =183125
10 =2~
1=

U For a estimate, the standard error is

U For b estimate, the standard error is
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Accuracy of Intercept Estimate

# Care needs to be exercised when considering the intercept
estimate, particularly if there are no or few observations close to

the y-axis:
A

v
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Gauss-Markov Theorem

v/ Gauss-Markov Theorem states that among all linear and unbiased
estimators, the OLS estimators a and b have the minimum variances,
i.e., V(a) and V(b) are the smallest possible and thus the OLS
estimators are efficient ( )-

v/ OLS estimators under the classical conditions are called BLUE, viz.
Best Linear Unbiased Estimators for the linear regression model.

Y, =a+bX; +e;, 1=1,2,...,n

Christopher Ting agorithmic Finance July 5,2018 34/49
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Estimation with Asymptotically Large Sample
& When X; and Y; are stationary, by the Law of Large Numbers,

lim X, =ux, lim Y, =
n— oo

n—oo

<& When n is asymptotically large, the biased second-order estimators
approach the population variances %, 0%, and covariance oxy .

n

1 — 1 & —
Sk=-d> (Xi-%)°, S=-3 (n-¥)
i=1 =1

1< — -
Sxy ::;Z(Xi—X)(Yi—Y)
i=1

& When n is asymptotically large, OLS slope estimator is expressed as

b= i (X —X)(Y: —Y) _ Sxv ®)
S (X -X)° S%
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Consistent Properties of OLS

>t Covariance between X; and Y; whenY; = a + bX; + ¢; is
C(XZ R }/1) = (C(Xl , a4+ bX; + ei)
= bV(X;) + C(e;, X3)
= bV(Xy)
b = — 2~
— V(X,)

1 Hence from (8), lim b=b.

n—oo
1 Implications:
7 OLS b estimator is consistent: lim b=1b

n—oo
% OLS a estimator is consistent: Sincea =Y — b X,

lima=py —bux =a
n—o0

Christopher Ting agorithmic Finance
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Decomposition
B Consider
Y, = a+bX;
6 =Y —-a-bX;=Y, Y,
B TSS = ESS + RSS
YE-F =Y @7 o+ ya
i=1 i=1 a}_{
Total Sum of Squares ~ Explained Sum of Squares  Residual Sum of Squares
B ESS can be expressed as
ESS = Zn: @+bX,—a-bX)>=b> zn: (X — X)%.
i=1 i=1

Christopher Ting agorithmic Finance July 5, 2018
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Coefficient of Determination
OXY
ox0y

= The population correlation coefficient is pxy = . The sample
estimate rxy is
Yiey (Xi - X) (X — X) _ Sxv
n 3\ 2 —n <\ 2 SxS
VEL (6 -R) T, (i -X)F XY

= The OLS slope estimator is then

(9)

Xy =

Sxy _ rxySxSv _ Sy

52 52 Sk
512

> Consequently, ESS = TE(YS—;/ x nS% = r%ynS%

X

b=

> Coefficient of determination R?
_ESS P T o

2
R S

(10)
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lllustrative Example: Goodness of Fit

7 From Slides 31 and 44, we can compute the following quantities

E)

Sample correlation coefficient:
TSS:
ESS:

E)

]

RSS:

9]

RZ:

B

Christopher Ting agorithmic Finance July 5,2018 39/49
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Forecasting: Point Estimate
(® The OLS forecast of Y,, 1 given X, is
Vi1 =G+ bXnp1 = (Y =0X ) +bXp11 =Y +b(Xpp1 — X).
( Now, by summing up and then dividing by n, we obtain
7:a+b7+lzn:ei.
" =1

(® The point forecast is thus given by

~ 1 . —
Yn+1=a+bX+E§ei+b(Xn+1—X).

Christopher Ting agorithmic Finance July 5,2018 40/49
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Forecasting Error

§ The true Y, 1 is a + bX, 11 + e, 11, SO the forecast error is
o~ ~ 1 n
Vi~ T = b1 = B) = 5K = T) + e — 2 3 e,

— 1 &
= _@_b)(Xn—i—l —X) +6n+1 — EZGZ
i=1

§ The forecast error conditional on X, 1 is normally distributed.
§ The OLS forecast is unbiased:

E(Yn—l-l - S}n—f—l ‘Xn—kl) =0.

Christopher Ting agorithmic Finance July 5,2018 41/49
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Properties of the OLS Forecast

> Variance of the OLS Forecast

~ — ~ 1
V(Ynr1 = Yot | Xnt1) = (Xnp1 —X)?V(B) +02 + ~o?

<A
:o’§<1+l+ (i("“_XlQ>
" Zi:1(Xi_X)

> The t-statistic of the forecast

a Yor1— Yona

n—2 — ( 7)2
o3 1+l+%
e\/ n le (X.L—X)
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Point Forecast and Confidence Interval
%= The point forecast is
Vi1 =8+ bXnp1 (11)

= Since the forecast is a random variable, it has a confidence Interval
associated with it.

= With 95% probability, the forecast value falls within the confidence
interval bounded by

—2
- ~ 1 (X —-X
Yot1£tn_2 97.5% X Ocq |1+ = (K )

+ e
n Z?:1 (Xi - X)2
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lllustrative Example: Forecast

Continuing from Slides 31 and 44, suppose X, = 2.

% The forecast }Afu:

% The forecast standard error: Yi;:

= At the 95% confidence level, the forecast lower bound:

= At the 95% confidence level, the forecast upper bound:

Christopher Ting agorithmic Finance July 5,2018 44/49



Application: Hedging with Futures

® An institutional investor holds a portfolio of Japanese stocks that has
returns following closely those of the Nikkei 225 stock index returns
AS;/Si—1.

® Contract size of Nikkei 225 futures traded on SGX is ¥500.

® To hedge against a potential bear market going forward, the investor
forms a such that the change of hedged portfolio’s
value AP, .= P, — P,_4 is

AP, = f x AS; — h x 500 x AFj,

where f is a constant that equates the unhedged
value of the portfolio to S, h is the number of contracts, and F; is the
futures price.
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Application: Hedging with Futures (contq)

® How many contracts h should the investor short?

® In effect, the investor wants to minimize the risk or variance of AP;:

V(APR) = f* x V(AS) + h* x (500)% x V(AF,)
-2 x f x h x 500 x C(AS;, AF;)

Christopher Ting agorithmic Finance July 5,2018 46/49
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Solution to Hedging

® The FOC for minimizing V(A P;) with respect to decision variable h
yields
2h x (500)% x V(AE,) — 2 x (500f) x C(AS;, AF,) = 0.
© The risk-minimizing “optimal” hedge is to short
. [ xC(AS;, AF)
500 x V(AF,)
© Estimation: Run the following simple linear regression

AS; = a+ DAF; + e;.

C(AS;, AF, .
© Since b = M the number of contracts to short is
V(AF)
s = [
h* =bx 200"
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Hedging Applications
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Tutorial

& On January 19, 2018, the value of the portfolio is ¥78 billion, the
Nikkei 225 index is 23,808.06, and the OLS estimate for b is 0.71575.
How many contracts should the fund manager short?
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Takeaways
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Takeaways
Scatter plot gives an intuitive view of whether X could explain Y.

Parameter estimates are obtained by minimizing the sum of
squared errors.

Each residual is the vertical distance from the data point to the
OLS fitted line.

OLS estimators are BLUE.

Covariance divided by variance of explanatory variable = slope of
OLS line.

Variance decomposition: TSS = ESS + RSS
R? of simple OLS regression = square of correlation coefficient.
t statistic’s degrees of freedom = n — 2.

Many many applications!
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